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Abstract. We obtain global well-posedness, scattering, and global L^^~ 
spacetime bounds for energy-space solutions to the energy-critical nonlinear 
Schrodinger equation in Rt X R", n > 5. 



1. Introduction 

We study the initial value problem for the defocusing energy-critical nonlinear 
Schrodinger equation in R x M", n > 5, 

^ -j^^ Uut + Au^\u\^u 

\^u{0,x) = uo{x) 

where u{t, x) is a complex-valued function in spacetime Rf x R". 
This equation has Hamiltonian 

(1.2) E{u{t))= [ U\Vu{t,x)\' + ^\u{t,x)\^Adx. 

Since H1.2|l is preserved by the flow corresponding to 11.1(1 . we shall refer to it as 
the energy and often write E{u) for E(u(t)). 

We are interested in this particular nonlinearity because it is critical with respect 
to the energy norm. That is, the scaling u where 

(1.3) u^{t, x) := \-'^u{\-'^t, X-^x) 

maps a solution of ll.l|l to another solution of Hl.lfl . and u and have the same 
energy. 

A second conserved quantity we will occasionally rely on is the mass \\u{t) ||^2 ■ 
However, since the equation is i^-supercritical with respect to the scaling (|1.3|l . we 
do not have bounds on the mass that are uniform across frequencies. Indeed, the 
low frequencies may simultaneously have small energy and large mass. 

It is known that if the initial data uq has finite energy, then 1(1. 1() is locally well- 
posed (see, for instance That is, there exists a unique local-in-time solution 

that lies in Ct^^ H J"^ and the map from the initial data to the solution is 
uniformly continuous in these norms. If in addition the energy is small, it is known 
that the solution exists globally in time^ and scattering occurs (see |lBi); that is, 
there exist solutions u± of the free Schrodinger equation (idt + A)u± =0 such that 

1991 Mathematics Subject Classification. 35Q55. 

^One should compare this result to the case of the focusing energy-critical NLS, where an 
argument of Glassey II8I shows that certain Schwartz data will blow up in finite time; for instance, 
this will occur whenever the potential energy exceeds the kinetic energy. 
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\\u(t) — u±(t)\\fji — > as i ±cx3. However, for initial data with large energy, the 
local well-posedness arguments do not extend to give global well-posedness. 

Global well-posedness in ij^(R'^) for the energy-critical NLS in the case of large 
(but finite) energy, radially-symmetric initial data was first obtained by J. Bour- 
gain (0, ini) and subsequently by M. Grillakis, |231- T. Tao, E3, settled the 
problem for arbitrary dimensions (with an improvement in the final bound due to 
a simplification of the argument), but again only for radially symmetric data. A 
major breakthrough in the field was made by J. Colliander, M. Keel, G. Staffilani, 
H. Takaoka, and T. Tao in 15 where they obtained global well-posedness and scat- 
tering for the energy-critical NLS in dimension n = 3 with arbitrary initial data. 
Recently, E. Ryckman and M. Visan, 29 , obtained global well-posedness and scat- 
tering for the energy-critical NLS in dimension n = 4; the argument follows closely 
the one in |15j , but the derivation of the frequency-localized interaction Morawetz 
inequality is significantly simpler and yields an improvement in the final bound. 

The main goal of this paper is to extend to dimensions n > 5 the global well- 
posedness results for Hl.l|l in the energy space: 

Theorem 1.1. For any uq with finite energy (i.e., E{uo) < oo) there exists a 
unique global solution u G C^H^ fl to l|l.l|l such that 

(1.4) f f \u(t,x)\^^dxdt<C{E{uo)) 
for some constant C{E{uo)) depending only on the energy. 

2(1 + 2) 

As is well known (see, for instance, fSSJ), the bound also gives scattering 

and asymptotic completeness: 

Corollary 1.2. Let uq have finite energy and let u he the unique global solution 

2(1 + 2) 

in C^HI. n Li to Then there exist finite energy solutions u± to the free 

Schrddinger equation {idt + A)w± — such that 

\\u±{t) — u[t)\\jji ^0 as t ^ ±oo. 

Furthermore, the maps uq ++• u±(0) are homeomorphisms from H^(M.") to H^(M"). 

As we will see, treating dimensions n > 5 introduces several new difficulties 
relative to ^| and [221 ■ For the most part, these stem from the small power of the 
nonlinearity in 1)1.1(1 . For example, \u\"^u is not a smooth function oi u,u for any 
n > 5, which immediately implies the failure of persistence of regularity. Moreover, 
as the power of the nonlinearity is no longer an even integer in dimensions n > 5, the 
difference of two nonlinearities cannot be written as a polynomial. Instead, we will 

4 

make use of the following inequalities: Let F : C ^ C he given by F{z) = \z\ "-2 z. 
Then, 

(1.5) F,Xz)^^\z\^- and F,{z) ^ ^\z\^^ ^, 

where Fz, Eg are the usual complex derivatives 

._l(^F^^^F^ p_._l(dF ^F^ 
^■~2\dx dyJ' ^ 2\dx^ dyJ- 
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Note that in dimensions ?i > 6, the functions z i— > Fz[z) and z i— > Fz{z) are no 
longer Lipschitz continuous; however, they are Holder continuous of order ;j32- 
Thus, writing 

(1.6) F{u + v) ~ F{v) = [ [Fz{v + eu)u + Fz{v + eu)u\de, 

Jo 

we estimate 

(1.7) \F{u + v)~F{v)\<\u\\v\^ + \u\'^ 
and 

\u\ < \v\ 



(1.8) \F{u + v) - F{u) - F{v) 




v\ < \u\ 



Moreover, by the chain rule and the Lipschitz/Holdcr continuity of the derivatives 

Fz and Fg, we get 

(1.9) 

(|Vu||w| + |Vw||u|)(|u|i + n = 5 

IVmIIwI^ + IVuIImI^, n > 6. 



\V{F{u + v) - F(u) - F{v))\ 



< 



1.1. Outline of the proof of Theorem 11.11 Our argument follows the scheme 
of |15| and we summarize it below. 

For an energy E > we define the quantity M{E) by 

M{E) sup ||w|| 

where / C M ranges over all compact time intervals and u ranges over all S*^ 
solutions^ to lfLT|l on / x R" with E{u) < E. For < we define M{E) = since, 
of course, there are no negative energy solutions. 

From the local well-posedness theory (see Lemma I3.1|l , we know that (|l.l|l is 
locally wellposed in S^. Moreover, from the global well-posedness theory for small 
initial data, we see that M{E) is finite for small energies E. Our task is to show 
that M{E) < oo for all > as Theorem 11.11 follows from this claim by a standard 
argument. More precisely, given initial data uq with energy E, we let 

ni = {T :3ue S\[0,T] x M") solving (dH) with ||u|| <ji([o,T] xr-) < C'i(^)} 
and 

n2^{T:3ue S\[0,T] x M") solving ITTJ with ||w||51([o,t]xR") < °°}- 

Here Ci{E) = C{E,M{E))E and C{E,M{E)) is the constant from Lemma ITl 

Note that by definition and Fatou's lemma, fli is a closed set. By the local 
well-posedness theory (see Lemma if T G fii then there exists e sufficiently 
small such that [T,T + e] C ft2- In particular, as lies in fii, we get that a small 
neighbourhood of 0, say [0,£], lies in ri2. Hence, to obtain a global solution to 
(11.11) it suffices to see that ^2 C rii. By the definition of M{E), given T G we 
immediately get 

\\u\\ <MiE). 

it.r' ([0,T]xR") 

Combining this estimate with Lemma 13.41 we obtain T E Qi. 



^See Sections 1.2 and 2.1 for the notation and definitions appearing in tfie outline of tfie proof. 
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We will prove that M{E) < oo by contradiction. Assume M{E) is not always 
finite. From perturbation theory (see Lemma lTTIl . we see that the set {E : M{E) < 
00} is open. Since it is also connected and contains zero, there exists a critical 
energy, < Ecrit < 00, such that M{Ecrit) — 00 but M(E) < 00 for all E < Ecrit- 
From the definition of Ecrit and Lemma 13.41 we get 

Lemma 1.3 (Induction on energy hypothesis). Let to ^ M. and let v{to) be an H], 
function with E{v(to)) < Ecrit — rj for some 77 > 0. Then there exists a global 
solution V to l|I.f (I on R X M" with initial data f (io) o,t time to, such that 

\\V\\ 2(r^ + i) < M{Ecrit - I])- 

L,^-^ (KxR") 

Moreover, we have 

ll^^llsi(RxR") ^ C{Ecrtt - V, M{Ecrit " »?))■ 

We will need a few small parameters for the contradiction argument. Specifically, 
we will need 

1 > ?7o > ?yi > 772 > % > Vi > ?75 > 
where each r]j is allowed to depend on the critical energy and any of the larger yy's. 
We will choose r]j small enough such that, in particular, it will be smaller than any 
constant depending on the previous ?7's used in the argument. 

As M{Ecrit) is infinite, given any 775 > there exist a compact interval C M 
and an solution u to (|I.1() on x M" with E{u) < Ecrit but 

(1.10) ||u|| > l/?75. 

Lt,"~^ (/. xR") 

Note that we may assume E{u) > ■^Ecrit, since otherwise we would get 

||m|| 2(,. + 2) < M{^Ecrit) < 00 

and we would be done. 

This suggests we make the following definition: 

Definition 1.4. A minimal energy blowup solution to 1)1. 1|) is an solution u on 
a time interval C M with energy 

(1.11) ^Ecr^t < E{u{t)) < Ecr;t 

2('» + 2) 

and huge -norm in the sense of ()1.10(l . 

Note that conservation of energy together with Hl.ll|l and Sobolev embedding 
imply 

(1.12) \\n\\ ^ <1 

L^L^ (/. xR") 

and also 

(1-13) l|w|lLriji(/.xR") 1' 

where, following our standard convention, the constants are allowed to depend on 

Ecrit • 

In Section 2 we recall the standard linear Strichartz estimates that we will 
use throughout the proof of Theorem 11.11 We also record the inhomogeneous 
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Strichartz estimates that will be useful in deriving the frequency-localized inter- 
action Morawetz inequality. Finally, we refine the bilinear Strichartz estimates of 
[T5] using a lemma of M. Christ and A. Kiselev. The main application of the bi- 
Hnear Strichartz estimates is to control the interaction between high frequencies, 
PhiU := Uhi, and low frequencies, PioU :— uio, when deriving the frequency local- 
ization result. In fact, because of the small power of the nonlinearity in higher 
dimensions, we have to control interactions between u^i and fractional powers of 
uio (and vice versa); this is dealt with via interpolation and the refined bilinear 
Strichartz estimates. 

In Section 3, we record perturbation results from ,.36; that we will use repeatedly 
in the proof of Theorem 11.11 

In Section 4 we prove various localization and concentration results. We expect 
that a minimal energy blowup solution should be localized in both physical and 
frequency space. For if not, it could be decomposed into two essentially separate 
solutions, each with strictly smaller energy than the original. By Lemma 11.31 we 
can then extend these smaller energy solutions to all of . As each of the separate 
evolutions exactly solves (jl.lfl , we expect their sum to solve (II. Ill approximately. We 
could then use the perturbation theory results (specifically Lemma |l.3|l to bound 

the L( -norm of u in terms of ryoi '7ij V2, and 774, thus contradicting the fact 
that 775 can be chosen arbitrarily small in (|1.10() . 

The spatial concentration result follows in a similar manner, but is a bit more 
technical. To derive it, we use an idea of Bourgain, 2 , and restrict our analysis to 
a subinterval /q C /*. We need to use both the frequency localization result and 
the fact that the potential energy of a minimal energy blowup solution is bounded 
away from zero in order to prove spatial concentration. 

In Section 5 we obtain the frequency-localized interaction Morawetz inequality 
(|5.1(l , which will be used to derive a contradiction to the frequency localization and 
spatial concentration results just described. 

A typical example of a Morawetz inequality for Hl.l(l is the bound 



/ / ' — ^ '1 ^! dxdt < sup \\u{t)\ 



2 

H1/2(I! 



for all time intervals I and all sufficiently regular solutions u : I x R" C. 

This estimate is not particularly useful for the energy-critical problem since the 
Hx -norm is supercritical with respect to the scaling H1.3|l . To get around this 
problem, J. Bourgain and M. Grillakis introduced a spatial cutoff obtaining the 
variant 

/ / Mh^da:dt<A\I\^f'E{u) 

J I J\x\<A\I\^/^ \A 

for all A > \, where |/| denotes the length of the time interval /. While this 
estimate is better suited for the energy-critical NLS (it involves the energy on the 
right-hand side), it only prevents concentration of u at the spatial origin a; = 0. 
This is especially useful in the spherically-symmetric case u{t,x) = u{t, \x\), since 
the spherical symmetry combined with the bounded energy assumption can be 
used to show that u cannot concentrate at any location other than the spatial 
origin. However, it does not provide much information about the solution away from 
the origin. Following |15j . we develop a frequency- localized interaction Morawetz 
inequality which is better suited to handle nonradial solutions. 
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While the previously mentioned Morawetz inequalities were a priori estimates, 
the frequency- localized interaction Morawetz inequality we will develop is not; it 
only applies to minimal energy blowup solutions. While our model in obtaining this 
estimate is il5j, there are two significant differences. We manage to avoid localizing 
in space (which adds significantly to the complexity of jf Sp: however, the low power 
of the nonlinearity necessitates decomposing the high-frequency portions of the 
minimal energy blowup solution into a 'good' part, which is in 5*" p| 5*^, and a 'bad' 
part which lives outside the Strichartz trapezoid. While having slower decay in time 
than the 'good' part, the 'bad' part has better spatial decay. This splitting of the 
high frequencies together with Holder-type estimates (used as a substitute for the 
standard fractional chain rule) enable us to control the error terms appearing in the 
frequency-localized interaction Morawetz inequality. This machinery is employed 
to derive (|5.1() in dimensions n > 6. In dimension n — 5, the derivation of the 
frequency-localized interaction Morawetz inequality is somewhat simpler (for details 
see 123)- One should mention that the method used to obtain this inequality in 
dimension n = 5 also works in dimensions 6, 7, and 8; in dimensions n > 9 the 
small power of the nonlinearity causes the argument to fail. 

A corollary of H5.I(I (in all dimensions n > 5) is good LfLx"~* control over 
the high-frequency part of a minimal energy blowup solution. One then has to 

use Sobolev embedding to bootstrap this to L^ "^'^ control. However, it is also 
necessary to make sure that the solution is not shifting its energy from low to high 

2(ti + 2) 6n 

frequencies causing the L^"^^^ -norm to blow up while the L^Lj""* -norm stays 
bounded. This is done in Section 6, where we prove a frequency-localized mass 
almost conservation law that prevents energy evacuation to high modes. 

We put all these pieces together in Section 7 where the contradiction argument 
is concluded. 

Acknowledgments: I would like to thank my advisor, Terence Tao, for his 
existence and uniqueness. I am also grateful to Rowan Killip for helpful comments. 

1.2. Notation. We will often use the notation X <Y whenever there exists some 
constant C, possibly depending on the critical energy and the dimension n but 
not on any other parameters, so that X < CY. Similarly we will write AT ~ y if 

^ Y ^ ^ ■ We say X -^Y ii X < cY for some small constant c, again possibly 
depending on the critical energy and the dimension n. We will use the abbreviation 
&{X) to denote a quantity that resembles AT, that is, a finite linear combination of 
terms that look like X, but possibly with some factors replaced by their complex 
conjugates. We also use the notation {x) := (1 + We will use the notation 

X+ -.^ X + e, for some < e ^ 1; similarly X~ :— X — e. The derivative operator 
V refers to the space variable only. We will occasionally write subscripts to denote 
spatial derivatives and will use the summation convention over repeated indices. 

We define the Fourier transform on R" to be 

/(O / e~^^^^<fix)dx. 
We will make frequent use of the fractional differentiation operators |V|* defined 

by 
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These define the homogeneous Sobolcv norms 

II/IIh. :-|||v|-7IIlj. 

Let e**^ be the free Schrodinger propagator. In physical space this is given by 
the formula 

(47ri<)"/^ Jk„ 
while in frequency space one can write this as 

(1.14) = 

In particular, the propagator preserves the above Sobolev norms and obeys the 
dispersive inequality 

(1-15) l|e'*''/llL^<|ir*||/||Li 
for all times t ^ 0. We also recall Duhamel's formula 

(1.16) u{t) = e*(*-*°)^u(to) - I f e'(*~")^(mt + Au)(s)ds. 

Jto 

We will also need some Littlewood-Paley theory. Specifically, let be a 

smooth symmetric bump supported in the ball |^| < 2 and equalling one on the 
ball 1^1 < 1. For each dyadic number iV S 2^ we define the Littlewood-Paley 
operators 

P^fiO (1 - ipi(/N))fiO, 

p^fio Mm) - ¥'(2c/A^)]/(e). 

Similarly we can define P<Ar, P>n, and Pm< <n ■— P<n — P<m, whenever M and 
N are dyadic numbers. We will frequently write /<jv for P<n f and similarly for 
the other operators. 

The Littlewood-Paley operators commute with derivative operators, the free 
propagator, and complex conjugation. They are self-adjoint and bounded on every 
LP. and space for 1 < p < oo and s > 0. They also obey the following Sobolev 
and Bernstein estimates that wc will use repeatedly: 

\\P>Nf\\Ll<N~'\\M'P>Nf\\L-^, 
ll|VrP<Ar/|L£ <iVl|P<Ar/L., 

\\M^'PNf\W^^N^'\\PNf\\Ll, 

\\P<Nf\\Ll<N'i''^\\P<Nf\\Ll. 

\\PNf\\Ll<N'"-'"\\PNf\\Ll. 

whenever s > and \ < p < q < oo. 

For instance, we can use the above Bernstein estimates and the kinetic energy 
bound (|1.13|l to control the mass at high frequencies 

(1.17) \\P>mu\\l^r^) < ^ for aU M e 2^. 

For any dyadic frequency N € 2^, the kernel of the operator P<n is not pos- 
itive. To resolve this problem, we introduce an operator P^j^- More precisely, 
if K<N is the kernel associated to P<n, we let P^w the operator associated 
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to N ^^{K<nY- Please note that since ^p{£) is symmetric, K<n 6 K and thus 
N-"-{K<n)'^ > 0. Moreover, as 

the kernel of is bounded in L]. independently of N. Therefore, the operator 
is bounded on every for 1 < p < oo. Furthermore, for s > and I < p < 
q < oo, we have 

\m'P'<Nf\\L^.<N'\\P'<Nf\\LZ^ 

\\PkNf\\Ll<N^-^\\PkNf\\L^.- 

2. Strichartz numerology 

In this section we recall the Strichartz estimates and develop bilinear Strichartz 
estimates in M-^+". 

We use LjE"^ to denote the spacetime norm 

II'"IIl'L'-(ExE") = ll'«||g,r := ( / ( / \u{t,x)\''dx) dt) , 

with the usual modifications when q or r is infinity, or when the domain R x M" 
is replaced by some smaller spacetime region. When q — r we abbreviate L^L^ by 

2.1. Linear and bilinear Strichartz estimates. We say that a pair of exponents 
{q,r) is Schrodinger- arfmissiWe if | + 7 = f and 2 < q,r < 00. If / x M" is a 
spacetime slab, we define the S'^{I x K") Strichartz norm by 

(2-1) ll'«ll50(jxR") — SUpl^^^ll^^^lli'LjaxR")^ 

N 

where the supremum is taken over all admissible pairs {q,r). For s > we also 
define the S'*(/ x M") Strichartz norm to be 



l"lls=(/xR") ■— lll^r'"l!s'0(/xR")- 



We observe the inequality 

1/2 



(2-2) ||(Ei/-i^) |L,,.,,.„.,^(Eii/-iii?.,(.xR^)) 



1/2 



L«L'-(/xR") 



for all 2 < (7,r < 00 and arbitrary functions /at, which one proves by interpolating 
between the trivial cases (2,2), (2, 00), (00, 2), and (cxd,cxd). In particular, (|2.2|l 
holds for all admissible exponents {q, r). Combining this with the Littlewood-Paley 
inequality, we find 

II /■^-^ \l/2 

I|u||l?l-(/xR") ^ |(z^l^^"l^ 

N 



< 



(^||PjVu|li.z,.(/xR")) 



L?LJ(/xR") 
1/2 



N 

< \\u 



S'0(/xR")i 

which in particular implies 

(2.3) l|VwL,i.(,xR") < ||u|lsi(/> 
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In fact, by p. 3(1 and Sobolev embedding, the 5^ norm controls the fohowing 
spacetime norms: 

Lemma 2.1. For any function u on I x M", we have 

||Vu||oo,2 + llVullg 6n_ + \\W u\\ 2(r^ 2„(„ + 2) + ||Vm|| 2(„ + 2) 2(„ + 2) + ||Vu||2 ^ 

'■^"-4 ,^_2 ' n ' n ' ti - 2 

+ ||W|L,^ + 11^113,6^^ + lkl| 2(„ + 2) 2(„ + 2) + lkl| 2(„ + 2) 2„(„ + 2) + ||u||2,^ 

where all spacetime norms are on I x M" . 




(oo,^) (oo,2) 
Figure 1: The Strichartz trapezoid (n > 10). 



Next, we recall the Strichartz estimates: 

Lemma 2.2. Let I be a compact time interval, s > 0, and let u : I x M" C be 
a solution to the forced Schrddinger equation 

M 

iut + Au = Fm 

m—l 
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for some functions Fi , , 
(2.4) |||Vrzi||so(,xi 



, Fm . Then, 



M 

E 

m— 1 



\WF„ 



'(/xR") 



for any time to E I and any admissible exponents {qi,ri), . . . , {qm,rm)- As usual, 
p' denotes the dual exponent to p, that is, 1/p + 1 /p' = 1 . 

Proof. To prove Lemma [2.21 let us first make the following reductions. We note 
that it suffices to take M = 1, since the claim for general M follows from Duhamel's 
formula and the triangle inequality. We can also take s to be 0, since the estimate 
for s > follows by applying jVl" to both sides of the equation and noting that 
|V|'* commutes with idt + A. As the Littlewood-Paley operators also commute with 
idt + A, we have 

{idt + A)Pnu = PnFi 
for all dyadic A'''s. Applying the standard Strichartz estimates (see |2SI)i we get 

(2.5) ll/'iVwIlL^LsaxR") < \\PNuito)\\L2 + II^A^^lll^,i^^i(,^j,„) 

for all admissible exponents (q, r) and (qi, ri). Squaring (|2.5|l . summing in N, using 
the definition of the S'''-norm and the Littlewood-Paley inequality, together with 
the dual of (|2.2(l . we get the claim. □ 

We recall next the inhomogeneous Strichartz estimates. We say that the pair 
{q, r) is Schrodinger- accepiafeZe if 1 < q, r < cx) and ^ < — 7), or (g, r) — (00, 2). 
We have the following result, which is a special case of Theorem 1.4 from 

Theorem 2.3. Let I be a compact time interval. Let {q,r) and {q,f) be two 



Schrddinger-acceptable pairs satisfying the scaling condition - 



and either 



- + - = 1, 



n — 2 r 

< - < - 

n r n 



1 1 

- + - < 1 

q q 



and 



-2' 

71-2 

n 



1 1 

— < — , and 
r q 



r \ 
< - < — 
f n 



1 

1 1 

- < -■ 

f q' 



i) 



Then, 



J{t-s)A 



F{s)di 



s<t 



LlL^{IxI 



In particular, let us record the following inhomogeneous Strichartz estimates 
that we will use to derive the frequency-localized interaction Morawetz inequality: 



(2.6) 

and 
(2.7) 



i{t~ 



)A 



F{s)ds 



s<t 



< IIFII 



(/xR") 



J(t-s)A 



F{s)ds 



s<t 



' (/XI 



< IIFI 



2(,.-2)(„ + 2) 
- ti2+3ti-14 



(/xR") 



We leave it to the reader to check that the hypotheses of Theorem 12. 31 are satisfied 



for (g,r) = (2,;^^)and (9,r~) = (2, 
as n > 5. 



2rt(7i-2) 
n^-5n+10 



r - f: - 2(«-2)(«+2) 



) or g = f = 



— 3n+6 



as long 
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For the remainder of this section, we develop bihnear Strichartz estimates that 
we will use later, in particular, in deriving the frequency localization result. We will 
adapt the bilinear Strichartz estimate obtained in |15) , which is in turn a refinement 
of a Strichartz estimate due to J. Bourgain (see to better suit our nonlinearity. 
The reason for which we need to make this modification is that the power of the 
nonlinearity gets smaller as the dimension increases and we have no hope of placing 
it in L\H^ for n > 6. In order to achieve our goal, we will use a lemma due to 
M. Christ and A. Kiselev, 9 . The following version is from H. Smith and C. Sogge, 

Lemma 2.4. Let X,Y be Banach spaces and let k{t,s) be the kernel of an op- 
erator T : LP{[0,T]; X) L''{[0,T];Y). Define the lower triangular operator 
f :Lf([0,T];X)^L«([0,r];y) by 

ff{t)^ f k{t,s)f{s)ds. 



Then, the operator f is bounded from LP{[0,T]; X) to L'i{[Q,T];Y) and \\f\\ < \\T\\, 
provided p < q. 

We are now ready to state and prove the following 

Lemma 2.5. Fix n > 2. For any spacetime slab I x R", any to £ /, and any S > 0, 

we have 

(2.8) ||uHIl?,,(/xK") < C(5)(||u(io) 11^-1/.+. + m~^+'{^dt + A)^^||^,'^.,(,,R„)) 

x(||^;(^o)ll^^--. + ll|V|"-'-^(^a, + A)^;||^,.^,(^^^„^), 

for any Schrodinger-admissible pairs {q,r) and {q,r) satisfying q,q> 2. 

Proof. Throughout the proof all spacetime norms will be on the slab / x M". We 
define 

\\w\\k,q,r \\w(to)\\Hk^+\\\V\^{ldt + A)w\\q,y 

and 

Fk,q,r = [W : ||w|U,,,r < Oo}. 

With this notation our goal is to show 

for any {q,r) and (q, Schrodinger admissible pairs satisfying q,q> 2. 

The bilinear Strichartz estimate derived in 15 (see their Lemma 3.4) reads 

(2.9) Wuvha < C(<5)||u|Ui+,-,oo,2lkllB--5,oo,2> 

which proves the case q ^ q' = oo. We will combine this result with Lemma l2.4l to 
obtain the full set of exponents. A particular case of H2.9|l is 

(2.10) ||e'(*~*°'^u(to)e'(*-*«^^x'(Mll2,2<C(5)||«(to)|L-i+.lk(io)||.^_.. 

Now fix (q, r) a Schrodinger admissible pair with q > 2 and fix v G F n-i ^ ^ 2- 
Consider the operator u i— > uv; we claim that this operator is bounded from 
J'-i+^.g.r to Lf^. Indeed, using Duhamel's formula for u we estimate 

\\uvh,2 < \\e'^'-'"^^uito)v\\2,2 + II ( r e'^'-'^^{tdt + A)u{s)ds)v 



to 



2,2 
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Using Duhamel's formula for v and H2.1()|l . we get 



<C{5)\\u{to) 
+ C{5)\\u{ta) 



{idt + ^)v{s)\\.^_ 



2,2 



,ds 



<C(5)||U(MII .-l+.||«ll^-5,oo,2 

< C{S)\\u\\_l^SgJ\v\\r^_g^^^^. 

In order to conclude our claim, it suffices to see tliat 



(2.11) (/ e^^*-^^^{tdt + A)uis)ds)v <Ci6)\M-i+5,,,rM, 

J to ■^'■^ 

By Lemma im for q > 2, l|2.11|l is implied by 
But now, using again a Duhamel expansion for v and proceeding as before, we get 



i^-(5,oo,2- 



-5,00,2- 



itA 



-isA 



(idt + ls.)u{s)ds]v 



< 



2,2 

-isA 



{idt + A)u{s)ds 



-5,oo,2- 



By the standard linear Strichartz estimates. 



-isA 



{idt + A)u{s)ds 



< 



and l|2.11|l follows. 

To conclude the proof of Lemma l2.5l we run the same argument for v G Fn-i_g - - 



with u G F_ 



fixed. 



□ 



3. Perturbation Theory 



In this section we review the local theory for (|1.1|) . As mentioned in the intro- 
duction, the Cauchy problem for p.lfl is locally well-posed in A large part 
of the local theory for the energy-critical NLS is due to Cazenave and Weissler, [S], 
0, who showed the existence of local solutions for large energy data and that of 
global solutions for small energy data. As is to be expected for a critical equation, 
the time of existence of the local solutions depends on the profile of the initial 
data and not only on its energy. They also proved uniqueness of these solutions in 
certain Strichartz spaces in which the solution was shown to depend continuously^ 
on the initial data in the energy space A later argument of Cazenave, [Jj, 
also demonstrates that the uniqueness is in fact unconditional in the category of 
strong solutions (see also [21], ^7], JHl for some related arguments). 

''For the defocusing energy-critical NLS the continuity was estabUshed in L^H], for any q < oo. 
See |7| for details. 
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These preliminary results are not completely satisfactory as the arguments that 
establish continuous dependence on the data do not establish uniformly continuous 
dependence on the data in energy-critical spaces. In 15^ and |29| . it was shown 
that the dependence on the data is Lipschitz in dimensions n = 3, respectively 
n — A, results which extend nicely to treat dimensions n = 5, 6; see |36j . However, 
in dimensions n > 6, the low power of the nonlinearity causes the same argument 
to fail; in this case, the dependence on the data was shown to be Holder continuous 
(rather than Lipschitz) in |36) . 

Closely related to the continuous dependence on the data and an essential tool 
for induction on energy type arguments is the stability theory for the equation Hl.l|l . 
More precisely, given an approximate solution 



(3.1) 



iut + Au —\u\"-^u + e 



to , with e small in a suitable space and uq and uq close in iJ^ , is it possible to 
show that the solution u to Hl.l|l stays very close to u? Note that the question of 
continuous dependence on the data corresponds to the case e = 0. In dimensions 
n = 3,4, an analysis based on Strichartz estimates yields a satisfactory theory; see 
121] ■ In the general case, particularly n > 6, a more careful analysis is needed; 
the relevant results were obtained by T. Tao and M. Visan, [3^1 , and we record 
them below. 

Lemma 3.1 (Long-time perturbations). Let I be a compact time interval and let 
u be an approximate solution to on I x M" in the sense that 

{idt + A)u = \u\^u + e 
for some function e. Assume that 
(3.2) ||u|| <M 

Lt.r^ (/xR") 

(3-3) ll^*llL-i?i(/xR") < E 

for some constants M,E > 0. Let t^ £ I and let u(tQ) close to u{to) in the sense 
that 

(3.4) \Hto)-u{to)\\Hi<E' 
for some E' > 0. Assume also the smallness conditions 

(3.5) (y^||PArVe'(*-*°)^(u(to)-a(^o))f y^'<e 

(3.6) ||Ve|| ^ <e 

for some < s < e\, where £\ — ei{E, E' , M) is a small constant. Then there 
exists a solution u to (|l.l|l on L x M" with the specified initial data u{tQ) at time 
t = to satisfying 



(3.7) \\Viu-u)\\ 2„(„+2, <C{E,E\M){e + eT^ 

(3.8) \\u - u|U:(,,R„) < C{E, E\ M){E' +e + e 

(3.9) \\u\\s,^j,^^^<C{E,E',M). 
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Here, C{E,E',M) > is a non- decreasing function of E,E',M, and the dimen- 
sion n. 

Remark 3.2. By Strichartz estimates and Plancherel's theorem, we have 

1/2 



N it " (/xR") 

i^\\PNV{u{to)-u{to))\\'La)''^ 
N 



< \\V{u{to)-u{to))\\oo,2 

<E' 

on the slab I x M"; hence, the hypothesis H3.5|l is redundant if E' — 0{e). 

We end this section with a few related results. The first asserts that if a solution 
cannot be continued strongly beyond a time T,, then the -norm must blow 

up at that time. 

Lemma 3.3 (Standard blowup criterion, 0, (SHI)- Let uq G i/^ and let u be a 

strong solution to Hl.l|l on the slab [to, To] x K." such that 

(3.10) ||u|| 2(„+2) < oo. 

Lt"'^ ([to.To]xR") 

Then there exists S = S{uq) > such that the solution u extends to a strong 
solution to Hl.lfl on the slab [<o,To + S] x M". 

The last result we mention here was used in the proof of Lemma l3. II above and 

shows that once we have Lf. J"^ control of a finite-energy solution, we control all 
Strichartz norms as well. Details can be found in [36) . 

Lemma 3.4 (Persistence of regularity). Let < s < 1 -I- ;j32' ^ compact time 
interval, and u a finite-energy solution to obeying 

\\U\\ 2(„ + 2) < M. 

Then, if to d I and u{to) G H^, we have 

(3.11) ll"b»(/xE") < CiM,E{u))\\uito)\\Hs. 

Proof. We first consider the case < s < 1. We subdivide the interval / into 
(1 + ^) subintervals Ij = [tj,tj+i] such that on each slab Ij x R" we 

have 

2(„ + 2) < 

where is a small positive constant to be chosen momentarily. By Strichartz and 
the fractional chain rule (see for instance [3113)! on each slab Ij x M" we obtain 

Il"lls»(/,XR") ^ \Htj)\\H^ + ll|Vr(|u|^u)|| 

<\Htj)\\H^ + \\M"n\\ 2^ hlllLi) 

^ +^^l|u||<?=(/,.xR")- 
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Choosing rj sufficiently small, we obtain 

ll«lls=(/,xR") ^ 

For the range of s under discussion, i.e., < s < 1, the conclusion (|3.11() follows by 
adding these estimates over all subintervals Ij. 

We now consider the case 1 < s < 1 + ;j32- As the solution u has finite energy, 
from the previous case with s = 1, we deduce that 

||VW|| 2(^ + 2) 2„(,. + 2) < I|w|lsl(/XR") < C'(^^'^("))ll«(*0)|lijl- 

"-^ " (/xR") 

We subdivide the interval / into TV - (1 + ^liMipM) ) ^ir:^ subintervals Ij = 



[tj, ij+i] such that on each slab Ij x R" we have 



||Vm|| 2(„+2) 2,.(„+2) < 77, 

Lj L^"-'^+* (/jXR") 

where 77 is a small positive constant to be chosen later. By Sobolev embedding, we 
also have 

||U|| 2(„ + 2) <??. 

Lj ""^ (/jXR") 

By Strichartz, on each slab Ij x K." we obtain 

" -f't," (/jXR") 

(3.12) < \\u(t,)\\Hs + \\\y\'''NuF,(u) + Vmu))\\ 2(„+2) 

(/,xR") 

By the fractional product rule (see [HlESl) and Sobolev embedding, we estimate 

I 

" {Ij xR") 

\\F^{u)\\ ^ 

(/,xR") LjJ (/jXR") 

IIVt/II ,,„^,, 2„(„^2) \\\\/r^F,{u)\\ ^(^+2) 

4 

^ H"ILs"'(;7jxR"J^H " 2(1+2) 

it,""' (7,xR") 

+ iiivr7/ii 2(^ iiivi^-i^^,(7i 



1 2(, 


1 + 2) 


it,: 


,+4 


2(. 


. + 2) 


it, I 




2(„ 


+ 2) 



it,x" (/,xR") L— L,^"+("+='('-i'(/,xR") 

< ^^hlls»(7,xR") + Il"lls=(/,XR")II|V|'"'J^.(")|| ^ , ^"(;+2) ^, 

2 l2"-+<"+2)( = -i) (/^xR") 



Similarly, 

||lVl^-i(V72F,(u))|| 2i^ 



it,:^" (-fjXR") 

<'7^hlls^(7,xR") + ll"ll5=(/,xR")ll|V|'~'j^2(")|| ^ ,„+ri+2)T.-i) 



{Ij xR" 
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SO ()3.12|l becomes 

(3.13) h||s.(/^.xE") ;$ +^^ll"b=(/,xK") 



L— i2„ + („ + 2,(.-l) ^ jj„j 



In order to estimate 



2n + (r, + 2)(s-l) , 



and 

iiivr-^F^Hii 

L~l|" + <"+='<=-^>(7,xR") 

we will exploit the Holder continuity of the functions z F^iz) and z ^ F^iz). 
Using Proposition I A . II wit h a := cr s - 1, s := r, and p = 2n+{n+2)(s-i) ^ 

and applying Sobolev embedding, we get 

^2n+(re + 2)(s-l) L -;^)P1 

Choosing p2 such that nr+{i^-~~^)(s^i)p2 " ^"^"-k ^ applying Holder's inequality 
with respect to time, on the slab Ij x K." we get 

\\\vr'F4u)\\ ^ „,„.2) <ii^iiigjiiv»ii1;„,,, 2^ 

Similarly, 

\\\Vr'F-Au)\\ W.+2) <77^, 

r -J- r 2T. + (n + 2)(s-l) 

and hence, returning to our previous computation, i.e., H3.13|l . we obtain 

l|w|ls=(7,xR") ^ I|wfe)ll77| +'7^ll"lls=(7,xR")- 

Choosing 77 sufficiently small, we get 

ll"lls=(7,xR'.) ^ Il"fe)ll77r 

The claim (I3.11f) follows by adding these bounds over all time intervals Ij . □ 



4. Frequency Localization and Space Concentration 

Recall from the introduction that we expect a minimal energy blowup solution 
to be localized in both frequency and space. In this section we will prove that this 
is indeed the case (we will not actually prove that the solution is localized in space, 
just that it concentrates; see the discussion after the proof of CoroUarv 14.41) . The 
first step is the following proposition: 
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Proposition 4.1 (Frequency delocalization ^ spacetime bound). Let rj > and 
suppose there exist a dyadic frequency Nio > and a time to G /* such that we have 
the energy separation conditions 

(4.1) \\P<N,Mto)\\Hi>V 

and 

(4.2) \\P>Kin)N,Mto)\\m^>V- 
If K{ri) is sufficiently large depending on rj, we have 

(4.3) \\u\\ ^ <C(77). 

Proof. Let < e = £{rj) ^ 1 be a small number to be chosen later. If K{ri) is suffi- 
ciently large depending on e, then one can find disjoint intervals [e^ N j , e""^ N j] 
contained in [Nio,K{ri)Nio\. By H1.13|l and the pigeonhole principle, we may find 
an Nj such that the localization of u{to) to the interval [e^ N j , e^"^ N j] has very little 
energy: 



(4.4) \\Pe^N,<-<e-^N,u{to)\\Hi 



< 



As both the statement and conclusion of the proposition are invariant under the 
scaling we normalize Nj = 1. 

Define uio{to) '■— P<eu{to) and Uhi{to) = P>^-iu{to). We claim that Uf^i and uio 
have smaller energy than u. 

Lemma 4.2. If e is sufficiently small depending on rj, we have 

E{uio{to)), E{uhi{to)) < Ecrit - crp ■ 

Proof. We will prove this for uiq\ the proof for u^i is similar. Define Uhi'(^o) '■— 
PyfAi{to) so that u(to) = uio{to) + Uhi'{to) and consider the quantity 

(4.5) \E{u{to)) - E{uio{to)) " E{uhAto))\. 
By the definition of energy, we can bound (|4.5|l by 

(4.6) \{Vuio{to),yuhAto))\ + {\u{to)\^ - \uio{to)\^ - \uhAto)\^)dx 
We deal with the potential energy term first. We have the pointwise estimate 



Uhi'lkiol"^^ \uhi' \ < \uio\ 

Tl + 2 

Ulo\\uh2'\~, \uio\ < \Uht'\. 



Take the case \uhi'{to)\ < |u/o(io)| and use Holder to estimate 

,. + 2 i±2 

\\uhi'ito)\uioito)\'^-^\\Ll ^ \\uhi'{to)\\Lz\\'U'lo{to)\\ " 2(1+2) . 

An application of Bernstein and Sobolev embedding yields 

\\uio{to)\\ 2(„+2) < e'^\\uio(to)\\ ^ < e^||M;o(io)|lHi < 
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Similarly, by Bernstein and H4.4|l . 

hhHto)\\Ll < \\PNuito)\\Ll < J2 N-'\\PNu{to)\\Hi 

N>e N>e 

JV>e-2 e<N<e-^ 
< 1- 

Thus, for \uht'{to)\ < \uio{to)\, 

\\uhi'{to)\uio{to)\^\\Li < e. 

Now take the case |wio(to) | < \uhi' (^o) | and use Holder and the previous estimates 
on \\uhi'{to)\\L2 to get 

||wio(io)|wW'(io)|^||LJ < \\\uioito)\^\uhi'{to)\'^\\Ll < \\uioito)\\l^\\uhi'{to)\\l2 

<\\uio{to)\\^- 

Another application of Bernstein plus Sobolev embedding yields 

\\uioit())\\L'^ <e^\\uioito)\\ Jir. <e^\\ulo{tQ)\\fJ^<£^. 

Hence, if |u/o(to)| < |u/ij'(io)|, we have ||u;o(io)|w/M'(^o)|^ < Combining 
the two cases, we get control over the potential energy term in H4.6|l : 

/ {\u{to)\^ -\uio{tQ)\^ -\uM'{h)\^)dx <e. 

Next, we deal with the kinetic energy part of H4.6I) . We estimate 

\{Vuio{to),VuM'{tQ))\ < |(VP>eP<eU(io),VM(to))| 

< \\yp^,p<Mto)\\Li\\yu{to)\\Li- 

As 

\Nuito)\\Ll < 1 

and 

\\VP^,P<Mto)\\Ll = ||(VP>,P<,M(to))^|U. 

^U^iC/e){l~^i^/e))^m\\Li 

<£\\uZ^o)\\li<£, 
we obtain control over the kinetic energy term in H4.6|l , 

\{Vuioito),VuhAta)) \ <e. 

Therefore < e. As 

E{u) < Ecrit 

and, by hypothesis, 

E{uhAto))>\\uhAto)\\%,>v'', 

the triangle inequality implies E{uio{to)) < Ecrit — c.rp ^ provided we choose e 
sufficiently small. 

Similarly, one proves E{uhi{to j) < Ecrit — crp . □ 
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Now, since E{uio{tQ)), E{uhi{to)) < Ecrit — crf^ < Ecrit, we can apply Lemma lOl 
to deduce that there exist solutions uio and Uhi on the slab /* x R" with initial 
data uio(to) and Uhi(^o) such that 

(4-7) \\uio\\snj^^R„^<Cir,) 

and 

(4.8) II Civ)- 
From Lemma 13.41 we also have 

(4.9) h;olUi+.(/.xM") ^ C{7Muio{to)\\m+^ < V < s < 
and 

(4.10) ll"/..|l50(/.xR") ^ CmuiMhl < Cir,)e. 
Define u := uio -f um- We claim that z2 is a near-solution to 

Lemma 4.3. We have 

4 

iut -f Au — |{t| "^{j — e 
where the error e obeys the bound 

(4.11) ||Ve|| ^ < C(r;)e("-2)(2-+i). 

L^L^+^ {I, xR") 

Proof. In order to estimate one derivative of the error term 

4 4 4 

e = |m|~m - |m;o|~U/o - \uhi\~Uhi = F(m;o -I- Uhl) - Fiulo) - F{uhi), 

we use (|1.9f) to obtain 

II Veil ^ <||Vu,o|m,,,|^|| ^ +||Vu^,|u,o|^|| ^ 

in dimension n > 6 and 

ll'^ell 10 < ||Vu;o|u,,i||m;o|^|| ^ in + ||VM/ii|M;o||ww|^|| , J# 

(/. xR") L?Lj(/.xR") L?^/ (/. xR") 

-I- ||Vuzo|u,,,|^|| M + ||VM,,i|wio|^|| , m 

in dimension n = 5. 

Thus, proving (|4.11() amounts to showing 

(4.12) ||Vw,o|uhi|^ll ^ < C(77)e("-2K2"+i), n>5 

L^LS^ (/. xR") 

(4.13) ||Vu,„|u,o|^|| ^ < C(7y)e('-2K^"+i), n>5 

LlLS^ (/. xR") 

(4.14) ||V?/,o|uh.||wzo|*IU^J^^^ <C(77)eT^, n = 5 

(4.15) ||V?/,„|uzo||u^,|^|| HI <C(7y)eT^, n = 5. 
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To prove (|4.12(l . we make use of Holder, interpolation, H4.7(l . (|4.8(l . H4.9|l . and l|4.10;i : 

||Vu/o|m,„|^||2,^ < llk;»I^IL .(.-2) HVu/JL 2„(„-2) 

'1 + 2 ""'2(71-1) re2-4n 



2 2 2 

ll"wlli;lh/«|l^;!2^ll|vr+~M(o|lso(/.xK") 



^ ll"'»''ll|o(j^xR")""''*"^i(/.xR")""'°"si + 7I^(/.xR") 
< C(?7)£("-2)(2"+i) , 

where all spacetime norms are on x R". We turn now towards (|4.13|) : on x 
we estimate 



4(1+1) 



1 + 2 



1- 



2(Ti-2)(n + l) . II V "hill, ^ 



Using (|4.8|l . we get 

xR") 



Fixing i e /*, we use Holder to estimate 
\Vuh^it)uioit)\uio\^''{t)\^dx 

< ^ / \Vuhi{t)PNiUlo{t)PN2Ulo{t) ■ ■ ■ PN2r,+iUn{t)fdx 
Ari<-..<W2„+i 

< 5^ l|Vu,.WPAr,Kio(i)||i.||P^,«,o(i)||i....||PjV.„ + iU,oWl|^., 
Ari<---<Ar2„+i 

where we denoted p (^^_2Kn+i) and r := 2„2if„_4 . 

Integrating with respect to time, on the slab /* x M" we get 



iUlo I W/o 



2n I (,i_2)(n+l) II 

2(Ti-2)(n + l) 



(4.16) < J2 \\^UMPN^UiXL2j\PN2UiXLrK---\\PN2„+i^lorL^ 

Ni<---<N2„ + i 



By Bernstein, 



Thus, in view of H4.7|l and (|4.9|) . we obtain 

(4.17) llPjvU/ollLrLs <C(ry)min(A^-T^,iV-'^-V) 

for all < s < 



n-2 ■ 
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To bound || Vu/iiP/VjU;o||L2 (/^xR") ''^6 use the bilinear Strichartz estimates we 
have developed in Lemma [^j On /, x M" wc estimate 



\\VumPn,uio\\l2 < C((5)(||VMft,(io)|L-i/2+. + \\\V\-^+^{idt + A)Vuh^\\ 2(„+2) ) 

t,x Y -"a; ^ n. + 4 / 

(4.18) x(l|Pw,u,o(to)|| + |||Vl'^-*(i9t + A)PiVi?^io|| 2(,.+2) ) . 

Interpolating between ||uhi(<o)||L2 < e and || Vu/ii(to)||L2 < 1, we get 

(4.19) ||VM;,,(io)||^-i/2+. <e^"^- 
Using (|4.8;i and (|4.10(l . we estimate 

4 

||(i5t + A)Uhj|| 2(„ + 2) = 2(„ + 2) 

4 

< \Uht\ 2(,. + 2) " 2(1 + 2) 

it.x" a.xR") L,"r^(/.xR") 

4 

< £C(r;) 

and 

||V(i9( + A)u,,J 2(„+2) = ||V(|uhj|^u;ii)|l 2(„+2) 

L,,:+^ (/.xR") L,_:?+^ (/.xR") 

4 

< ||VU/ii|| 2(„ + 2) H-»/u II " 2(1 + 2) 

L,.," (/.XR") i^_^-2 (J^xR") 

<IK.Il||.x«„)<c(,). 

Interpolating between the two estimate above, we obtain 

|||Vr^+'(ift + A)Vzi/..|| 2(1^ <C(77)£^~'. 

Hence, combining this with H4.19|l gives 

(4.20) ||Vu,,,(to)||^-i/2+. + |||Vr5+5(ja, + A)V?/,„|| 2(^ <C(r;)£5-^. 

it."+" (/.XR") 

We turn now to the factor in (I4.18|) containing Pjss^uio and use Bernstein, 14.7|l . 
and H4.9|l to estimate 

\\Pn,uM\\ . < C{v)mm{N^-\N^-'-'e'), 

2 
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for every < s < Similarly, by Bernstein and H4.7|l . 

\\\V\'^-^{idt + A)PN,Uio\\ 

L,:+^ (/.xR") 

< N^~^\\Viidt + A)Pn,uio\\ 

n-3 ^ 4 

< iVj ^ l|VU/o|| 2(„ + 2) ||m;oH " 2(1 + 2) 

it.:." (/-xM") i^.»-2 (7.XR") 

while by Bernstein, (|4.9|) . and the same arguments as in the proof of Lemma f3. 41 
for any < s < we have 

|||V|'^-*(0t + A)PjVi?i(o|| 2i^ 

it.."+' ( 

.1-3 ^ „ 4 

<N^^ ||Vm;o||" ;'„^,) 2„(„+2) llwiollsi+^a.xR") 



1-3 



.(5-s 



< C(7y)7Vi ^ £^ 
Hence, for any < s < obtain 

\\PN^uio{ta)\\ . + \\\V\^-^{tdt + A)Pn,uio\\ 2(„+2) 

(4.21) < C(77) min(iVi'^"'', N[^~^~'e'). 
Thus, putting together (gUHJl, (|On|) . and we get 

(4.22) \\Vuh^PN,uio\\Li^ii,y.R^) < C{r^)e^-' mm{N[^^\ N[^-'~'en. 

Returning to our earher computation, H4.16|l . and using H4.17|l and (|4.22|1 . we 
conclude 



\VUhiUio\uio\ 2 



-2 ^ 

L~ Ll(I,xS.") 



< C(r/)e(3-'^> ^ [min(Ar/^ \ ^ " e')] 

Ni<---<N2„+i 

In order to estimate the sum, we split it into three parts as follows: 

2ri 

E - E E + E 

iVi<---<Af2„ + i Ari<---<W2„ + i<£ j=2 Ni<---<Nj<s e<Ni<---<N2„+i 

e<N, + i<---<N2„ + i 

= 1 + 11 + III. 
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We have 

Ni<---<N2r^+i<e 

Ni<E 

< e(i-5)p 

2n 

< E E <'^~'^^2~''^ • • • Nr^"^ X 

j=2 Ni<---Nj<e 

e<JVj + i<---<JV2„ + i 



2n 

< ^^sp(2n+l-i) ^ ^Pi^-S)-p^U-l) j^-p{^+s)i2n+l-j) 
j=2 Ni<e<Nj + i 

< £(|-5)P 

III < E TVf (^-^-^)e«P7V-f . . . N-^l^^'^e^P 

E<Ni<---<N2„+l 

< gSj9(2n+l) ^ ^P(T^-'5-s)-p(^+s)2ri 

< gsp(2n+l) ^ ^P[|-'5-(2n+l)s] 

E<Ari 

< £(5-5)^ 

where the last inequahty follows as soon as we choose < s < ^^^j such that 
i — i5 — (2n + l)s < 0; in particular, it holds for s — jjln+Tj' 
Putting everything together, we obtain 

L?lF'^(/.xK") 

and 14.13|l follows by choosing 6 sufficiently small. 

We examine next (14.1411 . Using Holder, interpolation, (|4.7ll . 14.8|l . (|4.9() . and 
()4.1()|l we estimate 

1 i 

\\Vuio\uhi\\uio\'>\\2^2^ < ||Vu;o||2,i^||'"/M||oo.3||'";o||i,,5 

< l|w/o|l5ih/.ji,2hMllt,ioll|V|^U/o||1^2 

< C{r])e^ei 

< C{ri)eTT. 

Finally, we consider (|4.15|) . By Holder and conservation of energy, we estimate 

1 1 

IIVutilWiollM/iih II2.M ^ 10 ||Vu,,j|u/o|||2 5 < ||Vu/ii|u/o|||2 5 . 
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By interpolation, 

||Vw,,,|m,o|||2 i < IIVumIIJ 10 \\VUhMo\^\\l 10 < C{lj)\\\7u,,,\uio\^\\l 10. 

Using Holder, Bernstein, (|4.7|l . (|4.8(l . H4.9(l . (|4.1Q(I . and H4.22(l . we estimate 

||Vuhj|MioP||2,M < ^ ||VuftiPAriU;o||2,2||-PAr2'"io||oo,| 



9 

JVi<A'2 



< C{Tj)ei-'mmiNt',Nl-'''e')N^^\\yPN,uio\\o.,2 

Ni<N2 

<C{r])e^-^ mm{Nl-^,Nl-^-'e')mm{N~\N~^"e''). 

Ni<N2 

Decomposing the sum into three sums, i.e., J2e<Ni<N2' J2Ni<e<N2' ^'''^^J2Ni<N2<e' 
and taking s > we get 

\\S/uM\uio\^\\^^i.<C{rj)e^-^'. 

()4.15|l follows by taking S sufficiently small. □ 

Next, we derive estimates on u from those on u via perturbation theory. More 
precisely, we know from 1)4. 4|l that 

\\u{to) - M(to)lliji < £ 

and hence, by Remark 13.21 

By Strichartz, we also have that 

ll^llir^^a-xR") ;S ll"IUi(/.xR") - ll^'olUiu.xR") + ll"ft^llsi(/.xK") ^ c-W 

and hence, 

l|w|| 2i2±2i ^ ll^t|lsi(/.xR") < 

So in view of (|4.11|l , if e is sufficiently small depending on ?/, we can apply Lemma l3.ll 
to deduce the bound H4.3|l . This concludes the proof of Proposition l4.1l □ 

Comparing H4.3|l with p.lO|l gives the desired contradiction if u satisfies the 
hypotheses of Proposition 14.11 We therefore expect u to be localized in frequency 
for each t. Indeed we have: 

Corollary 4.4 (Frequency localization of energy at each time). Let u be a minimal 
energy blowup solution of (|l.l|l . Then, for each time t £ there exists a dyadic 
frequency N{t) G 2^ such that for every ri4 < rj < rjo we have small energy at 
frequencies ^ N{t) 

(4.23) \\P<c(r,)Nit)UmHl<V, 

small energy at frequencies ^ N{t) 

(4.24) \\P>cin)NitMt)\\H^^<ri, 
and large energy at frequencies ^ N(t) 

(4.25) \\Pci,i)N{t)<-<c{v)N{t)uit)\\fji 1, 
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where the values of < c{rf) ^ 1 <C ^(77) < 00 depend on rj. 

Proof. For t ^ I^, define 

N{t) sup{A^ e 2^ : \\P<Nu{t)\\^^ < r/o}, 

which is clearly positive. As ~ 1, N{t) is also finite. From the definition 

of N{t) we have that 

\\P<2N{t)u{t)\\fji > VO- 

Let rji < rj < rjo. li C{ri) ^ 1 then we must have H4.24|l . since otherwise Proposi- 
tion ^2 would imply ||u|| 2(n+2) < C^iv)i which would contradict u being a 

minimal energy blowup solution. 

Also, as by the definition of iV(t), \\P<N(t)uit)\\Hi < Vo, \\u\\L°°m 1 ^^'^ (|4.24() 
imply that 

(4-26) \\PN{t)<-<c{n„)Nit)u{t)\\j:ji - 1 

and therefore, 

\\Pc{v)N{t)<-<C{v}N{t}U{t)\\^i 1 

for all 7]4 < rj < rjQ. Thus, if 2(77) ^ 1 then \\P<c(7-i)N{t)'U'(t)\\^i < 7] for all 774 < < 
TjQ, since otherwise ()4.26f) and Proposition l4. ll would again imply ||m|| 2(^+2) < 

it,""' (/.xR") 

Civ)- □ 

Having shown that a minimal energy blowup solution must be localized in fre- 
quency, we turn our attention to space. In physical space, we will not need the full 
strength of a localization result. We will settle instead for a weaker property con- 
cerning the spatial concentration of a minimal energy blowup solution. Roughly, 
concentration will mean large at some point, while we reserve localization to mean 
simultaneously concentrated and small at points far from the concentration point. 
To obtain the concentration result, we use an idea of Bourgain (see 0). We divide 
the interval /„ into three consecutive subintervals /» = /_ U /q U /+ , each containing 

a third of the mass of u: 

2(n + 2) 1 /" f 2(n + 2) 

\u{t,x)\ "-2 dxdt = - / / \u{t,x)\ "-2 dxdt for / = /q, /+. 
3 J I, Jr" 

It is on the middle interval Iq that we will show space concentration. The first step 
is: 

Proposition 4.5 (Potential energy bounded from below). For any minimal energy 
blowup solution to and all t Cz Iq we have 

(4.27) ||7.(t)||^^ >,7i. 

Proof. If the linear evolution of the solution does not concentrate at some point in 
spacetime, then we can use the small data theory and iterate. So say the linear 

evolution concentrates at some point (ti^xi). If the solution is small in L^~' at 
time t = io, we show that to must be far from ti. We then remove the energy 
concentrating at {ti,xi) and use induction on energy. 
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More formally, we will argue by contradiction. Suppose there exists some time 
to € lo such that 

(4.28) ||u(to)|| ^ < m- 

Using (|1.3|l we scale iV(to) = 1- If the linear evolution e*(*^*")'^w(to) had small 
L( -norm then, by perturbation theory (see Lemma l3.1|l . the nonlinear solution 

-norm as well. Hence, we may assume 



||e'(*-*«)^u(to)|| >1. 

LjJ?-^ (RxR") 

On the other hand, Corollary 14 . 41 implies that 

||-Piou(to)|liji + ||Pww(to)|lHi < ?7o, 
where Pio = P<c(r;o) and = Pyc{ri„)- Strichartz estimates yield 

||e*(*-*")^P,Xio)|| +|le'('-*°)^P;,,«(io)|| 2(:i±i) < ^o- 

Lt,r^ (KxR") it,:"' (RxR") 

Thus, 

||e'(*-*«)^P„ed^(to)|| --1 

L,,:-' (RxR") 

where Pmed = 1 ^ Pio — Phi- However, Pmedu{tQ) has bounded energy (by 

and Fourier support in 0(770) ICI ^ivo)] an application of Strichartz and (|1.17|l 

yields 

\\e'^'-'°^^Pmedu{to)\\ < \\P,nedu{to)\\L2 < C(ryo). 

it,." 

Combining these estimates with Holder we get 

||e^(*-*")^P„,<,,.(to)||L~ >c(ryo). 
In particular, there exist a time ti G R and a point 0:1 g R" so that 
(4.29) \e'^''-'"^^{Pmedu{to}){xi)\ > c(ryo). 

We may perturb ti so that ti ^ to and, by time reversal symmetry, we may take 
ti < to- Let be the Dirac mass at xi. Define /(ti) := Pmed^xi and for t > ti 
define f{t) := e*(*~*i^^/(<i). One should think of f{ti) as basically u at {ti,xi). 
The point is then to compare u{to) to the linear evolution of f{ti) at time to. We 
will show that f{t) is fast decaying in any L^-norm for I < p < 00. 

Lemma 4.6. For any t G M and any I < p < 00 we have 

II/WIIlS <C(%)(i-ii)""^- 

Proof. We may translate so that ti — xi = 0. By Bernstein and the unitarity of 

gttA^ we get 

WfmL^ < CMWfmLl = C{vo)\\PmedSxA\Ll < C{flo)- 

By (|1.15|l we also have 

< \tr^\\PrnedSxALi<C{m)\t\-^- 

Combining these two estimates, we obtain 
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This proves the lemma m the case p — oo. 
For other p's we use (|1.14|l to write 



f{t,x) = / e2-(--«-2-*l«P)0^^^(^)d^ 



where (f>med is the Fourier multipher corresponding to Pmed- For |a;| 3> 1 + 
repeated integration by parts shows \ f{t,x)\ < |a;|^ for any iV < 0. On |a;| < l + 
one integrates using the above L!^-bound. □ 

From H4.28|l and Holder we have 
On the other hand, by 14.29|l we get 

So {ti — io) ^ c(77o)/'/1j i-G-, ti is far from Iq. In particular, the time of concentration 

2n 

must be far from where the L^^^-norm is small. 

Also, from Lemma l4.6l we see that / has small "^^ Lx " -norm to the future 
of to (recall ti < to): 

11/11 2ii±2i ^"'"+^> <C(77o)||(--il)"^ll Hli^ 

([to,oo)xR") it" ' ([to,oo)) 



(4.30) < CMlh - iop™ < C{rjo)vr^'' . 

Now we use the induction hypothesis. Split u{to) = v(to) +w{tQ) where u;(to) = 
(5e'^A~^/(to) for some small S — S{rio) > and phase 9 to be chosen later. ^ One 
should think of wIIq) as the contribution coming from the point {ti, xi) where the 
solution concentrates. We will show that for an appropriate choice of S and 6, v{to) 
has slightly smaller energy than u. By the definition of / and an integration by 
parts we have 



,Vv{to)rdx^- \Vu{to)-Vw{to)rdx 

= 11 \'^u{to)\^dx - 6Re [ e-'^VA-^fito) ■ Vu{to)dx 

+ 0(<5^||A-V(to)|||j 
< E,„t + 5Re e-''{u{to). f{to)) + 0{S^CM)- 
Choosing 6 and 9 appropriately we get 

2 

Also, by Lemma l4.fil we have 



\Vv{to)\'^dx < Ecrit - c{r]o). 



\\w{to)\\ ^<CM\\f{to)\\ ^<Cir,o){h-to)-' <CMvi- 



^The presence of A ^ in the definition of w{to) is due to the fact that inner products are taken 
in Hi. 
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So, by (|4.28(l and the triangle inequality we obtain 



Combining the above two energy estimates and taking rji sufficiently small depend- 
ing on rjQ, we obtain 

E{v{tQ)) < Ecrit - c(?/o)- 

Lemma fl .31 implies that there exists a global solution v to Ijl.f |l with initial data 
v{to) at time to satisfying 

|k|l5i(RxR") ^ 

In particular, 
and 

M 2^ <CM- 

Lt.r'' ([to,oo)xR") 

Moreover, by Bernstein, 

Mto)\\Hi < S\\VA-'f{to)\\Li < CM- 
By (|4.30|l and frequency localization, we estimate 

N if "-^^ Lx " ([to:Oo)xR") 

N<C{va) " ^ L^"'^+* ([to,oo)xR") 



C{no)<N it" ^ L^"'^+* ([to.oo)xR") 

N<C{ria) i-t " ^ ix"^'* ([to,oo)xR") 



Cirio)<N Lt"^Lx"+'' ([to,oo)xR") 

< C(?7o)r/f 



and hence 



N if ^ L^"'^+'^ ([to,>x))xR") 

So, if 771 is sufficiently small depending on 770, we can apply Lemma with 
u = u and e = to conclude that u extends to all of [to, 00) and obeys 

Lt_^-^ ([to,oo)xR") 

As [to, 00) contains /+, the above estimate contradicts (|1.I0|I if 775 is chosen suffi- 
ciently small. This concludes the proof of Proposition 14.51 □ 

Using (|4.27|) we can deduce the desired concentration result: 
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Proposition 4.7 (Spatial concentration of energy at each time). For any minimal 
energy blowup solution to and for each t £ Iq, there exists x{t) £ R" such that 

(4.31) / \Vu{t,x)\^dx>c{r]i) 

J\x-x{t)\<C(in)/N{t) 

and 

(4.32) / \u{t,x)\Pdx>c{ri^)N{t)'^P~'' 

J\x~x(t)\<C(vi)/N(t} 

for all I < p < oo, where the implicit constants depend on p. 
Proof. Fix t and normalize N{t) — 1. By Corollary 14.41 we have 

ii^<c(,o"Wiiffi + \\p>ci,nMmHi ^ vr- 

Sobolev embedding implies 

\\P<ci,,)u{t)\\ ^ +||P>c(,o«WII 

Lx Lx 

and so, by (|07|l . 

(4.33) \\P,nedUm ^>Vl, 

where Pmed = ^'c(j)i)< <c(i)i)- On. the other hand, by (|1.17|> we have 

(4.34) \\PmedumLl<Cir]i). 
Thus, by Holder, and we get 

\\Pmedu{t)\\L^ > C(r/i). 

In particular, there exists a point x{t) G M" so that 

(4.35) c{r]i)<\PrnedU{t,xm. 

As our function is now localized both in frequency and in space, all the Sobolev 
norms are practically equivalent. So let's consider the operator PmedVA^^ and let 
Kmed denote its kernel. Then, 



< \Pmedu{t,x{t))\ < \K„,ed*yu{t,x{t))\ < / \K„,edixit) - x)\\\'u{t, x)\dx 

~ / \Kmed{x{t) - x)\\Vu{t,x)\dx 

J\x-x(t)\<C(vi) 

+ \Kmedix{t) -x)\\Vu{t,x)\dx 

J\x-x{t)\>C{vi) 

<cim)(f \vu{t,xrdx)"\ j I '^"I'AhL ^^- 

^J\x-x(t)\<C(m) ' J\x-x{t)\>C{,u)\^ ~ ^\^)\ 

where in order to obtain the last inequality we used Cauchy-Schwarz and that K^^ied 
is a Schwartz function. Therefore, by H1.13|l we have 

c(77i) < ( / \^u(t, x)pdx) + C(7?i)-" 

^J\x-x{t)\<C(nx) ' 

for some a > 0, proving (j4.31|l . 
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Now let Kmed be the kernel associated to Pmed and let 1 < p < cx). As above, 
we get 



\x-x{t)\<C{m) 

+ 



1 + 2 

-dx ] 



cim) ^ I \K,nedixit) - X)\\u{t,x)\dx 

\Kmedix{t) - x)\\u{t,x)\dx 

■/ \kmed{x{t) ~ x)\\u{t,x)\dx 

J\x-x{t)\>Cini) 

<c{m)(f \u{t,x)\PdxY^'' 

'^J\x-x{t)\<C(vi} ' 

+ ||w(i)|| 2„ f / i 

lT^ ^J\x-xit)\>cim) \x - 

<cim)([ \u{t,x)\''dxY^'' + c{mr" 

^J\x-xit)\<cim) ' 
for some a > 0, which, after scaling, proves (|4.32|) . □ 

5. Frequency-Localized Interaction Morawetz Inequality 

The goal of this section is to prove 

Proposition 5.1 (Frequency-localized interaction Morawetz estimate (FLIM)). 
Assuming u is a minimal energy blowup solution to (11.11) and < c{rj2)Nmin, we 
have 

(5.1) / / / 

Jio Jr" ./r" f - y\ 

Jio Jr" JR" \x-y\ 

Here, iV™„ := infteio N{t). 

Remark 5.2. N„iin > 0. Indeed, if Nmm — inffg/o N{t) = 0, there would exist a 
sequence {tj}j^iq C Iq such that N[tj) as j oo. By passing, if necessary, 
to a subsequence, we may assume {ijjjgN converges to too G /q- By definition (see 
Corollary 

\\P<2N{t,)uit.j)\\Hi > 770. 

From the triangle inequality, we get 

m < \\P<2Nit,)uitj)\\fji < \\P<2Nit,)iuitj) - M(ioo))||^jl + |iP<2JV(t,)W(ioo)|lijl 
< \\u{tj) -u{toc)\\Hi + \\P<2N{t,)uitoc)\\Hi- 

As u e CfH]^{Io X M"), a limiting argument combined with the dominated conver- 
gence theorem leads to a contradiction. 

As the right-hand side in H5.1|l does not depend on |/o|, this estimate excludes 
the formation of solitons, at least for frequencies 'close' to Nmin and provided |/o| 
is taken sufficiently large. Frequencies much larger than Nmin will be dealt with in 
Section 6. 
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In what follows, we will only prove Proposition 15 . II in dimensions n > 6. More 
precisely, the subsections 5.3 and 5.4 below are adapted to treat the case n > 6 
only. For a proof of Proposition 15 . II in dimension n = 5 see j37j . 

5.1. An interaction virial identity and a general interaction Morawetz 
estimate. The calculations in this subsection arc difficult to justify without addi- 
tional assumptions on the solution. This obstacle can be dealt with in the standard 
manner: mollify the initial data and the nonlinearity to make the interim calcu- 
lations valid and observe that the mollifications can be removed at the end. For 
expository reasons, we skip the details and keep all computations on a formal level. 

We start by recalling the standard Morawetz action centered at a point. Let a 
be a function on the slab / x R" and cj) satisfying 

(5.2) i(t)t + A(j)^M 

on / X M". We define the Morawetz action centered at zero to be 



M^(i) = 2 / aj{x)lm{(l){x)(t>j{x))dx. 

A calculation establishes 
Lemma 5.3. 

dtM°^ f (-AAa)|0|2+4 / a,kRe(^A) + 2f a,{AA,(/.}^, 

JR" JR" JRn 

where we define the momentum bracket to be {f,g}p = Re{f^g~g\/ f) and repeated 
indices are implicitly summed. 

Note that when TV is the energy-critical nonlinearity in dimension n, we have 
{A-,</.}, = -|V(|0|^). 

Now let a{x) = \x\. For this choice of the function a, one should interpret as a 
spatial average of the radial component of the L^-mass current. Easy computations 
show that in dimension n > 4 we have the following identities: 



a,(x) =^ 

\x\ \x\^ 

A / N n — 1 
Aa{x) 



-AAa{x) = 



\x\ 

{n- l)(n-3) 



and hence, 



a,A/0 = {n-l){n- 3) £^ ^gf + 4 £^ - ^) Re(0-0fe)(a:)dx 

^{A-, 4>y^{x)dx 



= {n-l){n-3) f \^^dx + Af l-Wo^l'dx 

JR" F "'R" F 



X 

7n-{7V, (l)}p{x)dx, 
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where we use Vq to denote the complement of the radial portion of the gradient, 
that is, Vo = V-^(^.V). 

We may center the above argument at any other point y € M". Choosing a{x) = 
\x — y\, we define the Morawetz action centered at y to be 



My{t) = 2 / ^_^Im(0(a;)V<^(x))dx. 



The same considerations now yield 

|2 



dtM^ = (n - l)(n - 3) / i^^^dx + 4 / ^—\S7y^{x)\^dx 

Jr" f ~ y\ jR" F ^ y\ 

X ' — y 

[-{A/", (j>}p{x)dx. 

„ \x-y\ 



We are now ready to define the interaction Morawetz potential, which is a way 
of quantifying how mass is interacting with (moving away from) itself: 

M™™(t)= / m,y)\Hiyit)dy 



= 2lm [ [ \cj){t,y)\^^^V(^{t,x)(t){t,x)dxdy. 

One gets immediately the easy estimate 

<2||0(t)||i.||0(t)||^,. 

Calculating the time derivative of the interaction Morawetz potential, we get the 
following virial-type identity: 

(5.3) atAr"™=(n-l)(n-3) / / Mfffi^^dxdy 

7r" Jr" f - y\ 

(5.4) +4/ / 

■/r" Jk- f - y\ 

(5.5) +2/ / \cf>{y)\'^^W,<f>Ux)dxdy 



\x - y\ 

(5.6) +2/ dyJmicP^){y)Mydy 



(5.7) +4Im/ / {AA,0},„(y)^^V(/.(x)(/.(x)dxdy, 

jR" JR" F ~ y\ 

where the mass bracket is defined to be {/, <?}m — Im(/g). 

As far as the terms in the above identity are concerned, at the end of the sub- 
section we will establish 

Lemma 5.4. (EU + > 0- 

Thus, integrating over the compact interval Iq we get: 
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Proposition 5.5 (Interaction Morawetz inequality). 

J In Jr" Jr" f ~ y\ 



^111 m,y)\^-^;—j^W,'l^}pit,x)dxdydt 



{A/", (t)},n{t,v)\[^4>{t,x)\\(t){t,x)\dxdydt. 



Note that in the particular case TV — \u\''^-'^u, after performing an integration 
by parts in the momentum bracket term, the inequality becomes 



u{t,y)\''\u(t ,x)\'' 

lo Jr" Js." N ~ y\'^ 



(n-l)(n-3)/ / / ':, 3 ^' dxdydt 



(5.8) + I ! ! 



"- J lo jb" jr" k ~ y\ 

^4||lt|||ooi2(j^xR")ll"llL~Hi(/oxR")- 

Assuming u has finite mass, this estimate is an expression of dispersion (as the 
interaction between the masses of two particles is weak) and local smoothing (as 

. Tl-3 

it implies G L^H^ ^ )■ However, we have made no assumptions regarding 
the finiteness of the L^-norm of the initial data uq and thus H5.8|l cannot be used 
directly. 

We turn now to the proof of Lemma [5.41 We write 

/ dy,lm{<f>iy)'^))^^^lm(^(t>,ix))dxdy, 

jk" jk" f " y\ 



where repeated indices are implicitly summed. We integrate by parts moving dy^. 
\x-y\ ' 

, {xk - yk){xj - yi) 



to the unit vector ^ ■ Using the identity 



\x-y\J \x-y\ \x-y\^ 



and the notation p{x) — 2Im((/)(a;) V0(a;)) for the momentum density, we rewrite 
(|^ as 



p{y)p{x) - (p{y)-^ — ^) (p{x)-^ — ^) 
V \x — v\ / \ kc — w / 



dxdy 



\x-y\/\ \x- y\/i \x - y\ 

In the quantity between the square brackets we recognize the inner product between 
the projections of the momentum densities p{x) and p{y) onto the orthogonal com- 
plement of {x — y). As 

\^(.^y)My)\^ P{y) - ^^.(^^M) - 2|Im(0(^V,0(y))| 
\x-y\\\x-y\ J 

<2|</.(2/)||V,0(2/))| 
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and the same estimate holds when we switch y and x, we get 
m>~^f I |0(y)||V,</.(y))||0(x)||V,(/.(x))| '^''^^ 

JR" JR" 



x~y\ 

f M 

x-y\ Jr^Jr" \x-y\ 



> -(ICTIi. 



5.2. FLIM: the setup. We are now ready to start the proof of Proposition l5.ll 

As the statement is invariant under scahng, we normahze iV* — 1 and define Uhi — 
Pyiu and uio = P<iu. As we assume 1 = iV, < c{ri2)Nmin, we have 1 < c{r]2)N{t), 
Wt G Iq. Choosing 0(772) sufficiently smah (smaher than r]2c{i]2) where c(j]2) is the 
constant appearing in Corollarv l4.4|l . the frequency locahzation result and Sobolev 
embedding yield 

In particular, this implies that uio has small energy 

(5.10) \\uio\\l^hijj^^^ts,^) + \\uIo\\ ^ „.^^2. 

(joxR^) 

Using (|1.17(l and H5.9(l . one also sees that Uhi has small mass 

(5.11) \\uhi\\L^Ll{IoxR") ^m- 

Our goal is to prove (|5.1|l . which, in particular, implies 

(5.12) / / / M^lf&#^dxd,dt<,,. 

Jio JR" JR" F - yr 

As in dimension n convolution with l/|xp is basically the same as the fractional 
integration operator | Vj^'-''^'^-' , the above estimate translates into 

(5.13) IIK.ni <r,l/\ 

By a standard continuity argument, it suffices to prove H5.13|l under the bootstrap 
hypothesis 

(5.14) lllw^.pll <{Com)K 

for a large constant Cq depending on energy but not on any of the 77's. In fact, we 
need to prove that H5.14|l implies H5.12|l whenever /q is replaced by a subinterval of 
/q in order to run the continuity argument correctly. However, it will become clear 
to the reader that the argument below works not only for /q, but also for any of its 
subintervals. 

First, let us note that (|5.14|l implies 

(5.15) ll|vr^^«L4^(,„xR") < (Com)^ 

as can be seen by taking / ~ u^i in the following 
Lemma 5.6. 

(5.16) ll|V|-"^'/|l4<|||V|-^|/|2||f . 
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Proof. As iVj^'^^ and |V| 3— correspond to convolutions with positive kernels, 
it suffices to prove H5.16|l for a positive Schwartz function /. For such an /, we will 
show the pointwise inequality 

(5.17) Si\V\-^f){x) < [(|Vr^|/p)(x)]i/2, 

where S denotes the Littlewood-Paley square function Sf := (X^at I^a/P)^^^- 
Clearly l(CT7jl imphes ifO^ : 

iiivr^/iu < ii^(ivr^/)ii4 < m\-^\f\Y^'\u < iiivr^i/ni^/'. 

In order to prove (|5.17|l we will estimate each of the dyadic pieces, 



wherem(^) := (/)(^)—(/)(2^) in the notation introduced in Section 2. As |^| "4^to(^/A^) 
N — ^Th{£,/N) for TO a multiplier with the same properties as m, we have 

fA(|Vr'^/)(a;) - / * {N-'^[m{^/N)Y{x)) = N^^^^f*m{Nx) 
^N^^ J f{x~y)m{Ny)dy. 
An application of Cauchy-Schwartz yields 

S{M~^f){x) = \Pn{M-^ f){x)\^' 

N 

2\ 1/2 

A 

< 

A 

< 



{^n'-^U f{x^y)rfi{Ny)dy 

A '' 

(J2n"-^ j \HNy)\dy 1 \f{x-y)\''\ih{Ny)\dy 
E^"^ / \fix-y)\^\MNy)\dy 



1/2 



A 

As TO is rapidly decreasing, 

^N'^\fn{]^y)\ <EiV'^min{l,|Aryri"""} < \y\-'^ . 

N N 

In this way we get 

s{M-^f){x) < ( / \ii^-^dyy^" ^ [(|vr^|/n(x)]l/^ 

V \y\ 2 ' 

and the claim follows. 

We now use Proposition l5.5l to derive an interaction Morawetz estimate for 



Proposition 5.7. With the notation and assumptions above we have 
\uhi{t, y)\'^\uhi{t, x)\'^ 



dxdydt 

dxdydt 



\x - y\^ 

\uhi{t,y)\'^\uhi{t,x)\'^ 



\x - y\ 
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5.18) <iil 

5.19) +772/ / \uhi{t,x)\\PM{\u\'^u-\uhi\^Uhi-\uio\'^uio){t,x)\dxdt 



5.20) +772 / / \uhi{t,x)\\Pio{\uhi\'^-'^Uhi){t,x)\dxdt 

Jlo Jm" 

5.21) +ri2 / \uhi{t,x)\\Pht{\uio\'^uio){t,x)\dxdt 

Jlo Jr" 

5.22) +?72 / / \yuio{t,x)\\uio{t,x)\~\uhi{t,x)\dxdt 

Jlo JR" 

5.23) +77I / / \Vuioit,x)\\uhiit,x)\'^dxdt 

Jlo Jr" 

5.24) +77I /" /" |VP;o(|u|^u)(t,a;)||uft,(i,a;)|da;dt 



Ho 

5.25) + / / / 

J/o JR" ./r" F - 2/1 

5.26) + / / / 

J/o "/r" -/r" f - y\ 

5 27) + / / / I y) I ' l-Pio ( l^^i I ^ ^^i) ^) I kfe^ ^) I ^^^^^^ 

Jlo Jk" Jk" \^ ^ y\ 

Proof. Applying Proposition 15. 51 with cf) ~ Uhi and J\f = Phi{\u\ "-^ u), we find 

(n-l)(n-3)/ / / 

J/o "'R" "'R" F ~ y| 

+ 2 / / / \uhi{t,y)\'^-^ — ^{Phii\u\'^u),Uhi}pit,x)dxdydt 

Jlo Jr'^ Jk" f ~ y\ 

< 4||u/ii|||oo^2(jj,xR")ll'"'«llL~Hi(/oxR") 

4 

I {-P/ij (|m I ~ u) , M/ii}m , y) 1 1 V-u/ii , x) I (i , a;) I . 
Observe that (|5.11|) plus conservation of energy dictates 

ll'"'ii|li~L2(/oxR")ll"'ii|lLj:^iji(/oxR") ^ 

which is the error term (|5.18l) . 

We consider the mass bracket term first. Exploiting cancellation, we write 

{Phi{\u\'^u),Uh.i}m = {Ph'i.{\u\'^u) - \uhi\'^Uhi,UM}rn 

= {Ph'i.{\u\^U - \uhi\'^Uht - \uio\^Ulo),Uhi}m 

- {Plo{\uhi\^Uhi),Uhi}m. + {Phi{\uio\^Ulo),Uhi}m- 

Estimating 

\uM{t,x)\\Vuhi{t,x)\dx < \\uht\\L^Ll{IoxR^)Wuhi\\L^LliIoxR--) <V2, 

we see that we can bound the contribution of the mass bracket term by the sum of 

(Enii, lEsoi), and insu. 
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P 



We turn now towards the momentum bracket term and write 

/ 4: \ 4: / 4: \ 

{Phi{\u\^u),Uht}p = {\u\^U,Uhi}p ~ {Plo{\u\^U),Uhi}p 

= {\u\^U,u}p - {\u\^U,Uio}p - {Plo{\u\^u),Uhi} 

4 4 / 4 •, 

= {|u|^U,w}p - {\uio\'^Uio,Uio}p - {Pio{\u\^U),Uhi} 

4 4 

- - \uio\'--'^Uio,Ulo}p 

2 2 2 4 4 

= V(|u|^ - |uio|^) - {\u\^U - \uio\^Uio,Uio}p 

n 

- {Plo{\u\'^u),Uht}p 

= 1 + 11 + III. 

To estimate the contribution coming from /, we integrate by parts in the mo- 
mentum bracket term; we obtain, up to a constant, 

Jr" f ~ y\ 

\uUt,y)\puUt,x)\^^ ^^^^^^ 

\uhi{t,y)\'^{\u{t,x)\^ - \uio{t,x)\^ - \uhi{t,x)\^) 



dxdydt. 

\x - y\ 

In the above expression we recognize the left-hand side term in Proposition IS . 71 and 
an error that we estimate by the sum of (|5.25|) and (|5.2()|l . 

In order to estimate the contribution of //, we write {/, g}p = V0{fg) + 0{fWg) 
and hence, 

4 4 

\uio\^Ulo,Ulo}p 

(5.28) =W0[{\u\^^u-\uio\^uio)uio] 

(5.29) +&[{\u\^u-\uio\^uio)Vuio]. 

Integrating by parts, we estimate the error coming form (|5.28(l by a scalar mul- 
tiple of 

\uhiit,y)\'^\\u\'^u ~ \uio\'^uio\{t,x)\uio(t,x)\ 
■ j j ■ dxdydt 

\x-y\ 

where in order to obtain the last inequality we used H1.7|l . 

We turn now to the contribution of (|5.29() . Let us first note that 

(5-30) lluLlUriiUoxR") < IWhiWl^LiiioxRr^) ^ vl- 

Taking the absolute values inside the integrals and using (|1.7|) and (|5.3U|) . we esti- 



mate the error coming from (|5.29|) by 

„ I 4 4 I 

\uhz{t,y)\ \\u\^u - luiol"^ uio\{t, x)\Vuio{t, x)\dxdydt 
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We consider next the contribution of /// to the momentum bracket term. When 

4 

the derivative (from the definition of the momentum bracket) faUs on P/o(|u| "^^ u), 
we take the absolute values inside the integrals and use (|5.30|l to estimate this 
contribution by 

\uh^it,y)\^\VPlo{\u\^u){t,x)\\uhiit,x)\dxdydt < 

llo' 

When the derivative falls on um, we first integrate by parts and then take the 
absolute values inside the integrals to obtain, as an error, a scalar multiple of 



lo 



Uhi{t, y)p|VP;o(|u| "-^ u){t, x)\\uhi{t, x)\dxdydt 
\uM{t,y)\'^\Pio{\u\'^u) {t,x)\\uhiit,x)\ 



dxdydt. 



\x - y\ 

The first term on the right-hand side of the above inequality is controlled by H5.24|l . 
The second term we estimate via (jl.7(l by 

\Uh'i. [t, y)\'^\Plo{\uhi\^ Uhi) {t, x) I \uhi (t, x) 



\x - y\ 

\uhiit, y)\'^\Pio{\u\~u - \uhi\~ Uhi) {t, x) I \uhi{t, x) I 



dxdydt 

uJt.x]\ 

dxdydt 



\x - y\ 

□ 

5.3. Strichartz control on low and high frequencies. The purpose of this 
section is to obtain estimates on the low and high-frequency parts of u, which we 
will use to bound the error terms in Proposition 15.71 Throughout this section we 
take n > 6. 

Proposition 5.8 (Strichartz control on low and high frequencies). There exists a 
constant Ci possibly depending on the energy, but not on any of the rj 's, such that 
we have the following estimates. The low frequencies satisfy 



(5.31) ll^^io|lsi(/„xR'.) < 

The high frequencies of u can be split into a 'good ' and a 'bad ' part, Uhi = g + b, 
such that 

(5.32) ||ff||so(,„,R„) <Ci%^, 
(5-33) llffllsiaoxR") < C'l- 

(5.34) ll|Vr^6|| 2„(„-2) <Cmt 

L?lF^^(7oxR") 

Proof. We define the two functions, g and b, to be the unique solutions to the initial 
value problems 



(5.35) 



' (idt + A)g = G + PmF{uio) + Pm {F{uio + g) ~ F{g) - F{uio)) 

g{to) = uhi{to) 
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and 

{idt + A)b = B + PM{bF,{uio + g) + m{uio + g)) 

+ Phi{F{uio + g + b)- F{uio + g)- bF^{uio + g) - bF-,{uio + g)) 

b{to) = 0, 

4 

where F : C ^ C is the function given by F{z) = \z\"^ z and G and B are such 
that -P;ii(|<?| "^^5)= G + B, as we will explain momentarily. Note that b = um — g- 
In Appendix B, we prove the existence and uniqueness of local solutions to H5.35|l . 
which implies the existence and uniqueness of b. 

In order to prove Proposition 15 . 81 we will use a bootstrap argument. Fix Iq := 
inf /q and let Sli be the set of all times T € Iq such that (|5.31|) through (|5.34l) hold 
on [toi?"] with g and b defined above. 

Define also ^2 to be the set of all times T G Iq such that (|5.3HI through (|5.34(l 
hold on [to, T] with Ci replaced by 2Ci and g and b defined above. More precisely, 
for T G il,2 we have 



(5.36) ||uio|lsi([t„,T]xR") < 2Ci?72*" 
and 

(5.37) ll3llso([to,T]xM") <2Ci?72^, 
(5-38) llffllsi([to,T]xM")<2Ci, 

(5.39) ll|Vr^6|| 2„,„-2) <2Givh 

L?Lr'"^""^([to,T]xR") 

In order to run a bootstrap argument successfully, we need to check four things: 

• First, we need to see that io G ^i! this follows immediately from the definition 
of uio, g, and b at the time t = to, provided Ci is sufhciently large. 

• Secondly, we need fii to be closed; this follows from the definition of fli and 
Fatou's lemma. 

• Next, we need to prove that if T G ili, then there exists a small neighborhood 
of T contained in fl2. This property follows for uio from the dominated conver- 
gence theorem and the fact that uio is not only in S^{[to,T] x M"), but also in 
C°i/^([to,T] X R") because of the smoothing effect of the free propagator. As far 
as the high frequencies are concerned, it suffices to check it for g since b = Uhi — g 
and thus the claim for b follows again from the dominated convergence theorem. 
To prove this property for the function g basically amounts to proving existence of 
g on & tiny interval, since the dominated convergence theorem and the smoothing 
effect of the free propagator can be used, as before, to conclude our claim. The 
existence of g is proved in the usual way: showing convergence of the iterates; the 
proof is standard and we will defer it to Appendix B as to not disrupt the flow of 
the presentation. 

• The last thing one needs to check in order to complete the bootstrap argument is 
that VI2 C Vli and this is what we will focus on for the rest of the proof of Propo- 
sition [^| Fix therefore T G Throughout the rest of the proof all spacetime 
norms will be on [Iq^T] x M". 
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Before we move on with our proof, let us make a few observations. First, note 
that by (|5.38|l and the conservation of energy, we get 

(5.40) l|V6||oo,2 < \\yuM\\oo,2 + ||Vg|U,2 < 3Ci, 

provided Ci is sufficiently large. Also, from (|5.11(l and (|5.37(l and by taking Ci 
sufhciently large, one easily sees that the mass of h is small: 

(5.41) ||6||oo,2 < |lw/«||oo,2 + ||.g||oo,2 < 3^1772"^. 

Interpolating between (jS.^fflfl and H5.4()|l . we obtain the following estimate which we 
will repeatedly use in what follows: 

(5.42) ||6||^ ..^ < g|||Vr^fe|l 7fn(„-.) llV&IlL < iCCir^T^, 

,1-2 • (,i+l)(,i-2) 2, ^2_3„_2 

where C is a positive real constant. Also, by interpolation, H5.37|l . and (|5.38|l . we 
estimate 

llV^glU,^ < ||Vg|||^||g||J^ < ||5ll|Jlffll|o <%^- 
Sobolev embedding dictates 

1-3 



(5.43) IllVr — g||4,4 < l|V^5ll4,^ < 
and hence, by the triangle inequality, H5.15|l and (|5.43|) yield 

(5.44) ll|V|-'^6||4,4< (Com)^- 

We are now ready to resume the proof. We consider the low frequencies first. 
Strichartz's inequality yields the bound 

(5.45) WuioWs^ < \\e'^'-">^^nUto)\\s^ + \\VPioF{u)\\,^^^. 
By Strichartz and H5.10|l . 



\\e'^'-'°^^uUto)\\si < ||V^i^„||oo,2 < ^2 < ^V^-''' ■ 
To estimate the second term on the right-hand side of (|5.45() . we write 

VPioF{u) = VPioF{ui,) + VPio{F{u) - F{ui,)). 
By (|5.10|l and (|5.3t)|) . we estimate 



Using Bernstein to drop the derivative in front of Pio and then replacing the projec- 
tion Pjo by a positive- kernel operator P/^ having the same -L^-mappiiig Riid. Bern- 
stein properties as Pio (see Subsection 1.2 for the definition of P/^), we estimate 

\\VPloiF{u)-F{mo))h,^^ < \\PU\^lo\^\uH^\)h,^^+\\PUW^^\^)h,^^. 

Decomposing Uhi — g + b and exploiting the positivity of the operator Pl^ , we get 
||VP,„(F(^) - P(r.Zo))||2 - < ||/^UKI^|5l)ll2.^ + l|/^UKI^|6|)||2.^ 



> + 2 
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Using Bernstein to lower the spatial exponent when necessary, (|5.1Q(I . as well as 
our assumptions H5.36|l through H5.39|l . (|5.41|l . and (|5.42|l . we estimate 



ll^/o(l^^/o|^|5l)ll2.^ < \\uio\C^^\\9\\2.^,<Vr'\\9\\s^ < ^'^i^: 
l|i^:.(kol^|6|)ll,^ < \\PL(\uio\^^\b\)L y„+2, 

4 

< ||&|| 2(„ + 2) 2„ \\uio 



2(n + 2) 2(n + 2) 
Ti-2 ' n-2 

2 4 <t 

I^II^^IL., Il'^^ ^ 1 „ ("-2)2 

2^ („+l)(„-2) 



< ii&iiir 2„2 ii&ii^t^ii^^^oiir < Y^%' 



||/^Ul5l^)ll2.^ < \\PU\9\^)\\2^-^^ ll5ll2"-+2, 2„(„.2, < ll5ll-o-^ 

r~i 4 

< ^„(^^ 

- 100 



•1 + 2 n + 2 



||P/o(|fo|^)||2,^ ;S ll/^/.fl&I^ IIU 2„(„-2) ^ ||0||^ ^ 



'(,> + 2)(„-l) 



Ci 



<li^lir 2„2 11^11-2 < J2""^' 

71-2 ^ (7i+l)(n-2) J-UU 



Therefore, putting everything together we obtain control over the low frequencies. 



We turn now to the high frequencies. We will first clarify what G and B are. 
The reason we need to split PiiiF{g) into G + B is that PhiF{g) is neither 'good 
enough' to be part of g (as one cannot close the bootstrap for the bound on g) 
nor 'sufficiently bad' to be part of b (as it's not sufficiently fast decaying to belong 
to the appropriate L^. spaces, unless Q < n < 14). We thus use an interpolation 
trick to split PhiF{g) into a part which is small and has high spatial integrability, 
G, and a part which has low spatial integrability, B. Indeed, we have 

Lemma 5.9. There exist two functions G and B such that PhiF{g) = G + B and 
moreover, 



(5.46) \\G\\2jr^ 2(^ < r72'72""' 

n+4 > re+4 

,100 



(5.47) HVGH 2(„+2) 2(„+2) «77r 



(5.48) |||V| "-2 5|| 2(,>-2)(„ + 2) 2(„-2)(„ + 2) -ti v} 



100 



2+3JI-14 ' n-^ + Sn-lA 



where c > is a small constant depending on the dimension n. 
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Proof. Let us first note that for 6 < n < 14, we can choose G := and B := 
PhiF(g), since by Bernstein and interpolation, 

2 

|||V| PhiF{g)\\ 2(,i-2)(n + 2) 2(,^-2)(,^ + 2) 

^ ll-Pfei-F(fl)|| 2(,i^2)(,i + 2) 2(,.-2)(,i + 2) 



l±2 

h2)'' 2(n + 2)2 
2+3TI-14 ' Ti2-|-3„_14 



3„2_4„_2o (n + 2)(14-n) 

II ||2(„ + 2)(„-2) II ||2(„ + 2)(„-2) 

^ lit/ 1 1 2(n + 2)2 2ra(n + 2)2 llt/ll 2(n + 2)2 2n(n + 2)2 

Ti2+3^_14'n3^2n2_2Ti + 28 Ti2+3n-14'Ti3-10ji + 20 

3„2_4„_2o (n + 2)(14-,i) 

<iiffiiir"ii5ii™^ 

where the last line follows from (|5.37(l and (|5.38(l . Here, c is a small positive 
constant^ depending only on the dimension n. 

We consider next the case n > 14. To decompose PhiF{g) into a part with high 
spatial integrability and a part with low spatial integrability, we first need PhiF{g) 

to belong to an intermediate space. We choose the space .j," and use (|5.37|l 
and H5.38|l to estimate 

(5.49) \\F{g)\\2j^ 2j^ < \\g\\f^ 2^ < llsllff < %1l.9llso 
and, by the boundedness of the Riesz potentials on L^, 1 < p < oo, 

4 

|||V|F(q)|| 2(„-2) 2(„-2) < llVf (.(7)|| 2(„-2) ^ 2(„-2) < 1 1 Vff 1 1 2(„ + 2) ^ 2(„ + 2) ||g| U("; + 2) 2(„ + 2) 

(5.50) <\\9\\sA\9\\t' <V2- 
We now decompose 

(5.51) P^Fig) = P,^, ^,^-^oo Fig) + P>^-iooF(g). 

Consider first the term in (|5.51|l involving very high frequencies. Writing 
^>„-»^(.9) = |Vrip>^-.oo(|V|^^(.9)), 



we define 
and 



G.h^ := |V| '^>„-ioo(x{||v|f(9)|<i}|V|F(g)) 

Bvht ■■= |Vr^P> -ioa((l -X{||V|F(g)|<l})|V|P(5)), 



>n2 

where X{||v|F(g)|<i} is a smooth cutoff. 

By Bernstein, Holder, and (|5.5U|I . we estimate 



WGyhtW 2(^ + 2) 2(r. + 2) < »y2°"ll^>,,-l""(X{||V|i^(g)|<l}|V|F(g))||2(^i+2i 2(^ 



(5.52) <^niiviF(ff)ii2(:i"2n(„_2, <vr- 



Throughout the proof, the constant c may vary from hne to line; however, it will always 
remain positive and will depend only on the dimension. 
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By the boundedness of the Riesz transforms on L^. with 1 < p < oo and H5.5()|l . we 
estimate 



IIVGii/iill 2(^_+2) ^ 2(r.+^2) < \\Py^-lOO (X {\\V\F( g)\<l}N\F (q)) II 2(,i + 2) ^ 2(„ + 2) 

(^-2)1,^ + 4) 

(5.53) < nivif(g)ii :;^^-2) < V2 « vr- 

By Bernstein, Holder, and 15.50|1 . we get 

2 200 
||V| Byhi\\ 2(,^~2)(,^ + 2) 2(,^-2) (,^ + 2) < Tj^^^ \\Byhi\\ 2(„-2){n + 2) 2 -2) (r. + 2) 

7i2+3ti-14 ' Ti2-t-3n-14 n2-|-3Ti-14 ' 7i2+3ti-14 

100,1 n^ + 3ra-14 

(5.54) < % ll|V|F(g)||^^>^ < ■ 
We consider next the medium frequency term in l|5.51|l and write 

^i<.<,fe ^™^(.9) - E PNPNF{g), 

1 ^ Ar ^ —100 

where Pn is an operator having the same properties as Pat and double support on 
the Fourier side. For dyadic A^'s between 1 and 77^^°", we define 

Gn ■= X{\PNF{g)\<l/N}PNF{g), 
Bn ■■= (1 - X{\PNF(g)\<l/N})PNF{g), 

where X{\PNF{g)\<i/N} are again smooth cutoffs. We define 

G := Grned + G-uhi and B := Bmed + By hi, 

where 

Gmed ■= E PnGn and Bmed ■— E PnBn- 
Using Holder and (|5.49() . we estimate 



(,i-2)(,i + 4) 
^(.1 + 2) 



(5.55) ||FArGAr|| 2(„+2) 2(„+2) < || J^(.q) I Uji-^L jV" < iV-OT), 

71 + 4 ' Ti + 4 , 

which impHes together with (|5.37|) that 

Whined II 2(71 + 2) 2(71 + 2) ^ > IIPtvCatII 2(ti + 2) 2(ti + 2) 

71 + 4 ' Tl+4 ^ ^ Tl + 4 ' 71 + 4 

l<N<,,-^°° 

(" + 4) , , 8 

< Mso" E 

(" + 4) 

(5.56) <||g||^„" <vMso- 
Now, by Bernstein, Holder, and l|5.50|l . we get 

(,i-2)(,i + 4) g 

||VPjvGjv||2(^ 2(„+2) < N\\PNF(g)h,,:[-+%„_,,N~^^ 

n + 4 ' re + 4 r , r 



(,i-2)(,i + 4) , 



(,i-2)(,i + 4) 



<jVjV- ..(„+2) \\PMVF{g)\\ ,-Ll+%„_,, N~^i^ 
(5.57) <772^ 
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As there are about log(772 ^) dyadic numbers N between 1 and 772 by (j5.50(l and 
(|^37jl . we get 



II VGmerfll 2(.i+2) 2(,»+2) < > IIVP/vGatII 
l<JV<,fe 

(5.58) <log(772"^)%^ «r,r- 



By Holder, Bernstein, and (|5.5()|l . we estimate 



|||V| " ^ PNB]S[\\2(r,-2nri + 2l 2(rj-2)(n^ 
Ti2-)-3„_14 ' ti2+3ti-14 

2 + „_14 

< iV-— ||PNi^(g)|| 2("J"2r 2(„-2, 



(5.59) < A^^^ryg. 



Hence, 



|||V| "-^Bmedll 2(Ti;2)(:i + 22 2(n-2)(,i + 2) 
~ri^T3ri~^T4~ ' ~ti^T3ti^^T4~ 



^ lll^l J^^jvll 2(,.-2)(,i + 2) 2(n-2)(,i + 2) 

„2+3„_i4 . „2+3„_i4 

l<Af<772"'™ 



(5.60) ^ iV-^< 

l<N<ri^ 



V2- 

100 



Thus, by (island (j^?^ we g et ((03, by (|^:^ and (|^:^ we get (jOTIl . and 
by and f^^HHIl we get (j^^ . □ 

We are now ready to resume the bootstrap for g and 6. Consider first the 'good' 
part, g. By Strichartz, Bernstein, lfOn|l . (|OT|) . ifOTji . and ifCTSjl . 

we estimate 

IISIUO < ||u/li||oO,2 + ||G|| 2(^ + 2) 2(r. + 2) + 1 1 P/iiF(U;o ) 1 1 2 _2n_ 

re + 4 > re + 4 '7i + 2 

+ \\Pm{F{uio + g) ~ F{uio) - F{g)) \\^^^ 

^V2+V2V2 ' + l|VP,iiF(u,o)||2,-ln_ + ||5|u/o|'-"X{|g|<|n,„|}||2,^ 
+ ||w;o|ff|^X{|„,„|<|3|}||2,^ 

<^2%~ + h;o|l5i|l"/o||^^ + llsluiol^L,^ 

2 4 

^ ?72%""' + ll.9ll5«l|wio||^;^ 
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Similarly, by Strichartz, H1.9(l . (|5.:»i(l . I|5.a8|l . and l|5.47|l . we estimate 
lisllsi < ||Vum||oo,2 + ||VG|| + ||VP,,,F(u,o)||2 ^ 

+ \\VPh^{F{ulo + g) - F{uio) - F{g)) ||2.^ 



< 1 + + WuioWsiWuioV^^^ + ||Vg|u,o|^||2^_2n + ||Vm,o|<?P 



2, 



-2 



<i + hioll;,;^llffllsi + hiollsill5lisi 

<Ci, 

provided Ci is sufficiently large. 

We turn now to h. Using the triangle inequality and the inhomogeneous Strichartz 
estimates H2.6|l and (|2.7ll . we estimate 

|||V|^'^b|U 2ri(n-2) < |||V| -B 1 1 2 ( ,. - 2) (,i + 2) 2(,.-2)(„ + 2) 

+ 1 1 1 V r ^ P,„ (u/o + .g) + 6Fj + 5)) 1 1 2„(„-2) 
+ II I Vr^P,,, (p(?/,o + 5 + ^) - F{uio + g) 
- hF^{uio + g) - bFfXuio +5)) II2 ^"("-^) ■ 

By (ICT^ . 

|||Vr^g|| 2(„-2)(„ + 2) 2(„-2)(„ + 2) « <° < -^?7?- 
?i^+3ti-14 ' ti^+3ti-14 lUU 

By the Fundamental Theorem of Calculus, we have 

F{z + w) - F{z) - wF^{z) - wFg{z) [ [F,{z + tw) ~ FXz)]dt 

Jo 

+ w [Fg{z + tw) - Fg{z)]dt. 
Jo 

As z ^ ^2(2) and z — > Fz{z) are Holder continuous of order we see that 

\F{z + w)- F{z)~wF^{z)-ijbFi{z)\<\w\ / \tw\^ dt < \w\^ . 



Therefore, by Sobolev embedding and the above considerations (with z = uio + g 
and w — b), we get 

II \V^^Ph^{F{ulo +g + b)- F{uio + g) - bF,{uio + g) - bF-,{uio + g)) \\^ 2„(„-2) 

<|||b|^||2,^<||&|| !E2) 2„(„ + 2) - 



-2 ' (7i-2)(„ + 3) 



Interpolating between H5.39|l . (|5.4U|) . and (|5.44|) . we obtain 



ii&iiSL 2„(„+2) < iiivr"^bii4"^iiivr^feii f^2) iiv&ii^.v'""' " 

n-2 .(„-2){„ + 3) ^^„^-3n-2 

(5.61) < ril'^. 



46 



MONICA VISAN 



Hence, 

II M'^Phi {F{uio +9 + h)- F{uio +g)- bF,{uio + g)-bF,{uio + g)) \\^ 2^(n-2) 

- 100 

We turn now towards the remaining two terms, 

\\\V\~^Phi(b\u,.„ + g\'^)\\ 2n(n-2) 



and 



As the method of treating them is the same, in particular it appeals to the fact 
that the maps z |2;|"^ and z i-^ l-^l"^ |fp Holder continuous of order 
let us pick, for the sake of the exposition, the first one. By the triangle inequality, 
we estimate 



\\\Vr^'Phi(b\u,,„ + g\^)L 2„(„^2) < \\M-^Phi.(b\u,.„\^^)L 2n(„-2) 



|||V| — Phi{b\uio + g\^ -6|m;oI~)|L 2„(n-2) ■ 

' n'-' + n-lO 



Using the Holder continuity and Sobolev embedding, we bound 

\\\V\~^Phi(b\uio + g\^ -b\u,J^)L 2^(„-2) < ||6|5|^||2,^- 
Now, by interpolation and our assumptions, 

||%|^||2,^ < \\b\\^ 2.2 Nl^ 

»-2'(„ + l)(„-2) ^^32. (2,. + l)(„-2) 

3 

< ll&ll 2n 2n2 llflll".^ ,,2 11^11"!" 2^2 

»-2'(„ + l)(„-2) 7I32>„2_„+2 7I=2.„2_3„+2 

3 n+6 

<l|b||2n , 2n2 N|gJ|fl|lF^ 
n-2 ' („+l)(„_2) '5 •3 

- 100 '1 



In order to estimate 



\\M~^Phi{b\Ulo\^-% 2n(n-2) , 



^' •'+n-10 



we drop the projection onto the high frequencies. Phi, but we split |m;o|""^ into 
high and low frequencies. By the triangle inequality, we get 

iiivr^(6|«ioi^)ii2 < iiivr^(6P<i/4iw/oi^)ii2 2„(„-2) 

+ \\\^\~'^{bP->MA\ui„\^)\\ 2n(n-2) ■ 

' n2+n-10 
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As b is high frequency, we see that 

|||Vr^(&P<l/4|«io|^)|l2 2„(„-2) < ||(|V|-^6)F<i/4|Uio|^|l2 2„(„-2) 



<2C,vJ\\uio\\-'_^ 
- 100 

As far as the term 

|||V|-^(6F>1/4kiol^)IL 2„(„-2) 

is concerned, let us note that 

\\\V\-^(bP-^yu\uio\^)L_ 2.(.-2) 

' n2 + 7x-10 



< 



IIIVr^blL 2„(„-2) |||V|^P>1/4l^iol^lL, 



2(ri-l) 



"("-2) , 

' 2(71-1) 



as can easily be seen by takings = |V| "-26 and k ~ ^\'^^^P>\ia\uio\'^^^ in the 
following 



Lemma 5.10. 

(5.62) |||vr^{(|V|^j)(|Vr^fc)}|| 2,.(„-2) .^,11711 2,i(„-2) ii/i-ii 



, < I 



Proof. In order to prove Lemma |5. 101 we decompose the left-hand side into tt/i^^, 
7r/_?i, and nh.i which represent the projections onto high- high, low-high, and high- low 
frequency interactions. 

The high-high and low-high frequency interactions are going to be treated in the 
same manner. Let's consider for example the first one. A simple application of 
Sobolev embedding yields 



iiivr^^,,4(ivi^j)(ivr^fc)}ii 2„(„-2) 



< lk.,.{(|v|^j)(|vr^fc)}|| ^ 



Now we only have to notice that the multiplier associated to the operator T{j, k) = 
^/.,4(|V|^j)(|Vr^fc)}, i.e. 

is a symbol of order one with ^ — (^1,^2), since then a theorem of R. R. Coifman 
and Y. Meyer (JOli QI]) yields the claim. 

To deal with the tt^.i term, we first notice that the multiplier associated to the 
operator T{j,k) = |Vr^7r^,,{(|V|^j)fc}, i.e. 

N>M 
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is an order one symbol. The result cited above yields 

|||Vr^7r„,{(|V|^j)(|Vr^/c)}|| <ll7ll iiivr^fcii^. 

Finally, Sobolev embedding dictates the estimate 111 Vl^^^fc II f < ||fc|| □ 

2(7l~l) 

Thus, we are left with the task of estimating 

|||V|^P>l/4|ui„|^||^^(^. 

2(71-1) 



Note that P>i/4\uio\"-^ € Aj^ ^' , that is, -P>i/4|uio| "^^ is homogeneous Holder 

"("-2) 277 

continuous of order in i^^*""^' . Indeed, as Vwjo € L^Lx^^ (by Bernstein), we 
have 

\\u^^\t) - uz„(i)||^^ < |/i|||Vy;o||^,^ < ri2\hl 

where u^^^ denotes the translation u^'^\x) := u{x — h). As the map z ^ l^l"^ is 
Holder continuous of order ;j32, we see that 

||(K|^)^'\t)-K|^(t)|| <%^|/i|^, 

% 2(77-1) 



which imphes P>i/i\uio\ "-^ G A^^^ ^' . Furthermore, as Pyi/i\uio\^-^ is restricted 
to high frequencies, the Besov characterization of the homogeneous Holder contin- 
uous functions (see Chapter VI in (35]) yields 



|V|^P>i/4|^/,o|^ G LTL^^. 
Indeed, for Pq := -P>i/4|'"io| "^^ , we have Pq S A ^4" ^' iff for all dyadic iV's we have 

77-2 

TV^IIFatFoII <%'^. 

r 2(71-1) 
^x 

Hence, 

lllVl^Poll ^i^i^ < V iV^llPArFoll ^i^<rit~' V iV^iV-^ 

f 2(7.-1) , 2(7.-1) 

Ar>i/4 JV>l/4 
4 

Thus, 

|||Vr^(6P^i/4k;ol^)IL 27.(7.-2, <2Cir??r?r^ < 

' 772+77-10 iUU 

Putting everything together, we find that 

iiivr^biu 2„(7.-2) <cmf. 

Therefore T G ^i. This concludes the proof of Proposition 15. 81 □ 
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5.4. FLIM: the error terms. In this section we use the control on uio and um 
that Proposition 15.81 won us to bound the terms appearing on the right-hand side 
of Proposition 15.71 For the rest of this section n > 6 and all spacetime norms are 
taken on Iq x M". 

Consider (|5.19() . Using H1.8|l and Holder, we estimate 

dnil < V2{\\\uhif\uio\^X{\un^Mui^\}\\Ll^ + lll"/*il'^"ioX{|«,„|«|u,„|}llLi J 

<V2\\\nH.\'\uio\^h.^^<m{\\\9\'W^^^ 

< ^2{iiffii^ ^ii^^^oii^!^ + ii^^ii!,^ _^^\\uio\\i: }. 

For n > 6, an application of Bernstein yields 

||u/o||^ 4„2 < \\uio\\^ 2„2 < ||Wio|Ul 

r,-2>(" + 2)(»i-2) r,-2>(„_2)2 

and hence, by Proposition 15 . 81 and (|5.10(l . 

™ < ^2{||.9|||oh;o||^!2^ + ||6f 2„ 2„2 WuioWf-'] « 

°°'„-2 — .(„+l)(„-2) 

Consider next the error term H5.20|l . Replacing the projection Pio by the positive- 
kernel operator P/^ (see Subsection 1.2 for the definition and properties of P/^) and 
splitting Uhi — g + b, we estimate 

< m{\\9PL{\9\'^)\\LU + \\9PLi\b\'^)\\LU + \\bPLi\9\'^)\\LU 

+ \\bPLi\b\'^^)\\LlJ- 
By Proposition 15 . 81 and Bernstein, we estimate 



hPM 






< 


1.9 1 


2 




2ti 4 

-2 


\\9PLi\b\ 


-1) 




< 


I5I 






^)||2,^<ll5ll5o|l^^o(H^ 








< 


1.9 


50 II 


n + 2 
Ml 2(re + 2) 


In 2 1 
2n(7i + 2) ^ C*!* 'Jl I 














,.-2 


i-2)(„ + 3) 


\\bPLi\9\ 


Il±2 , 
„-2) 




< 


\b\ 


2n 


2^2 


l|i^Ul5l^)ll 2„ 2„2 










n-2 


(,i+l)(„-2) 


„+2>„a+„+2 








< 


\b\ 


2n 


2?i2 


II^Ul5l^)ll 2„2<„_2, 












n-2 


(,i+l)(„-2) 


,1 + 2 ' („2_2„ + 4)(n + 2) 








< 


\b\ 


2n 


2?i2 


bllf? 2„2 












71-2 


(,i + l)(„-2) 


n-2 • „2_2n + 4 








< 


\b\ 


2n 


2?i2 


n + 2 2„ „ 2 2(n + 2) 












n-2 


(,i + l)(,i-2) 


\\bPLi\b\ 


i±2 ^ 

„-2) 




< 


\b\ 


2n 


2„2 


\\PLm^^)\\ 2. 2„2 










n-2 ' {n + l){n-2) 


"+2 ' „2+„+2 








< 


\b\ 


2n 


2?i2 


\\PL{\b\^^)\\ 2„ 2„2 










n-2 


(,i + l)(„-2) 


n + 2 ^ („ + l)(„ + 2) 








< 


\b\ 


2n 
n-2 

2n 
n-2 


2n2 
(,i + l)(,i-2) 





Hence, 

2ti 4 2 _i 71-2 2(71 + 2) ^ 
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We turn next to the error term H5.21|l . Decomposing again Uhi — g + b, we 
estimate 

(EHl) < V2{\\gPhi{\uio\^ UIo)\\l1 ^ + \\bPhi{\uio\^Ulo)\\LlJ- 

By Holder, Bernstein, and Proposition we estimate 

\\9Phi{\uio\"-^-Ulo)\\Ll^ < h\\? .2^\Nuio\\^ _i^J\uio\\:^^ \„ 



\\bPM{\uio\^-Ulo)\\Ll < \\b\\^ , 2 llVUioll 2„2 \\uio\\~- . 

For n > 6, Bernstein dictates 

(5.63) Ikioll^ 8r.2 < 2„2 < I|Uio|Ul 

>>-2' (3n-2)(n-2) "-2' („_2)2 

and hence 



'■^ n-2 ' (n + l)(n-2) 



("-2)2 ■—2 



Thus (|5:n|l <C T]i 

Consider now H5.22|l . Decomposing Uhi = g + b and applying Holder, we estimate 

<^2l|Vw,o||2.^{ll.9l"io|^|l2,^ + ll^'l^^io|^||2, 

Using again Proposition 15. 81 we estimate 
and 

\\b\uio\^\\2,^ < \\b\\^ 2„2 WuioW^ .„2 

" + ^ "-2^(„+l)(„-2) TT^- (3.i + 2)(n-2) 

1+2 „-2 



(5.64) < 2„2 llu.JI -r^ < Cr^ry;^%<"-^'^ , 

n-2'(" + l)("-2) ■=> 

where we also used the fact that for n > 6, an application of Bernstein yields 

(5.65) ||Wio||^ 8"2 < ||Uio||^ 2„2 < ||li/o||cl, 

,1-2 ' (3n + 2)(„-2) n-2 ' „2_3„^2 

Thus 

We turn now towards the error term H5.23|l . which wc estimate by 
ra < vU\\yuio\g\^ hi ^ + \\Vuio\b\^ hi J. 
By Holder and Proposition 
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where we applied Bernstein to estimate 

||Vm;o||^ 2,,2 < ||Vwio||^ 2,>2 < ||u/o||ci- 

11-2 ■' „2_3„„2 ,1-2 „2_2„ + 4 

Hence, 

ra < vicf" {vF^vf" + v¥^vF } « 

Consider now the error term (|5.24|) . We estimate 

\\VPio{\u\^u)uhi\\i^l < \\VPio{\uhi\^Uhi)uM\\ui + ||VP;o(|u/o|^U;o)u/ii||l,l 

/ 4 4 4 , 

(5.66) + \\S/Pio{\u\~u - \uio\~uio - \uhi\~Uhi)Uhi\\i,i. 

Using Bernstein to drop the derivative in front of the projection P;o, we recognize 
in the first term on the right-hand side of H5.66|l the error term (|5.20|l . Hence, by 
the previous computations, we have 

(5.67) vl\\'^Plo{\uh^\^Uh^)uh^\\Ll^ < m^M < Vl- 

To estimate the second term on the right-hand side of H5.66|l . we decompose u^i — 
g + b and use (|5.10() . (|5.63() . and Proposition 15. 81 to control the two resulting terms 
as follows: 

\\VPio{\uio\^uio)g\\Ll^ < I|Vwio||2,^hioII^^||3||2,^ <vr^\\uio\\si\\9\\so 

6 i_ 

4 

WPlo{\uio\"-^Ulo)b\\Ll < WVUloW 2„ 2„^ \\uio\\"J g„2 ll^ll 2„ 

11-2 ' „2_2„ + 4 (3n-2)(n-2) I.-2 ■ (n + 1) (n-2) 

<lk^olff ll&ll 2„ 2„2 <C,^r?,^r,F^. 

,x-2'("+l)("~2) 

Thus, 

(5.68) v'i\\'^Pio{\uio\^uio)uM\\Ll^ <?7i. 

To estimate the third term on the right-hand side of H5.66|l . we first use Bernstein 
to drop the derivative in front of Pio and then replace the projection Pio by the 
positive-kernel operator P/^ sharing the same -L^-mapping and Bernstein properties 
as Pio; using (|1.8|l . we obtain the bound 

\\PL{\uio\^\uhi\X{\u^,\<\uiM)^ht\\Ll^ + \\PIo(,\um\^\uIo\X{\u,,\<\u^,\})um\\lI^ 
^ \\PU\^lo\'^\uhi\)uh^\\Ll^■ 

Decomposing Uhi — g + b and using H5.1()|l . (|5.64|l . (|5.65(l . and Proposition we 
further estimate the third term on the right-hand side of H5.66II by the sum of the 
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following four terms: 

\\pUWio\^^\9\)9\\lu ^ \\9\\l^hio\\t\^<vf'\\g\\lo<c!v^ 



\\PU\^io\^\b\)9\\Ll^ < \\9h^\\b\u^o\^h^^^<Cr'v2-'v~V^" 



Ji-2 • (3n + 2)(n-2) 



<ll&ll2„ 2„2 llglUolkioll 

n-2 ' (n+l)(n-2) 

-2 2 



SI 



\\Pi{W\'^^\b\)b\\LU ^ ll^/o(KI^|6|)fe|li_ 



<iifer2„ 2„. h^oiir 

n-2 ^ („+l)(„-2) (n-2)2 
2n n-2 IS 



Hence, 

r) / 4 4 4 

(5.69) r]^\\VPio{\u\'^u - \uio\^uio - ^ < 771. 
Collecting H5.66|l through H5.69|) . we obtain 

if^^ < 771. 

We turn now to the error terms (|5.25() through (|5.27() . We notice they are of the 
form * |iy,/} where 

{\uio\^\uhi\ in 15.25|l . 
\uio\\uhi\^ in l|5.26|l . 

Let us first note that Uhi G L^L|''"^. Indeed, by Strichartz, 

(5.70) ll5ll3,^<ll5llso<Ci%^, 
while 



(5.71) ii&ii3,^ < iibirr ^' 2n^ \\brj:^<c,v!- 

n-2^(n+l)(n-2) '"-2 

Thus, 

(5.72) \\u^^h_^^<C^vl 

6n 3n 

As G L^Lx"''' and u/ii e L'^Ll, we get lu^il^ e L^Ll"''\ Therefore, by 
Hardy-Littlewood-Sobolev, * H ^ ^tPl"- Moreover, 

* i^,/) ^ \\\uhtf * i2:ri33„ii/ii|,^ < iium||3,^iiwm||oo,2||/i|3__|^ 

(5.73) <Ci77fr;2||/||3 3n . 
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Consider the case of (15.25(1 . that is, / |ti;o|^^ By Holder, H5.31|l . and 
H5.72|l . we estimate 



1. + 2 



Thus, by H5.73|l and the above computation, (|5.25() ^ -qi. 

Consider next the error term (|5.26() . that is, / — |u;o||whi| By H5.31|l . H5.72|l . 
and the conservation of energy, we estimate 

\\uio\uhi\'^\\l^_Ml_ < \\uh^\\3^_Sn_\\uh^\\;|^^\^\\Ulo\\3^_3^ < CiT]^ \\uio\\ gi 



Hence, by (|5.73|) and the above computation, H5.26|l <C 771. 

The last error term left to consider is (|5.27|) ; in this case we use Bernstein, (|5.72|l , 
and the conservation of energy to estimate 

\\Plo{\uhi\^Uh^)uh^\\3_SJ^ < \\um\\3^_S2^\\Pio{\um\^ Uhijh,^ 

< ClrJh\Plo{\uh^\^Uh^)\\3^_S^ 



71-2 

00,^ 



< C\rJf\\uh^\\3^_^\\uh^\\ 

Thus, considering ((5.73|l . we obtain (|5.27|l -C rji. 

Hence all the error terms (15.19(1 through 1(5.27(1 are bounded by rji . Upon rescal- 
ing, this concludes the proof of Proposition 

As a consequence of Proposition 15 . 81 and scaling, we obtain the following: 

Corollary 5.11. Let n > 6, u a minimal energy blowup solution to ((1.1(1 . and 

Nf, < c{rj2)Nmm- Then, we can decompose P>n,u = g + b such that 

(5-74) \\9\\soii„.R^)<vf'N-\ 
(5-75) llffllsM/oxR") ^ 1. 



(5.76) IllVr — fell 2w„-2) <vtN.^. 
Moreover, under scaling, ((5.42() . ((5.61(1 . and ((5.72() become the following 

(5.77) ll&ll 2„2 <ivlN*~')'^, 

(5.78) ||6|| 2(„+2) 2„(„+2) <{v?n:^^)'^\ 

(5.79) \\P>N,u\\ ^ <v!N7'- 

L^L^"^^ (/oxR") 

Remark 5.12. In dimension n = 5, the analogue of ((5.79(1 is 

(5.80) ||P>A..u|| 30 <rjh*'- 

i?iF(/oxR-') 

For details see PZ). 
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6. Preventing Energy Evacuation 

The purpose of this section is to prove 

Proposition 6.1 (Energy cannot evacuate to high frequencies). Suppose that u is 
a minimal energy blowup solution to Then for all t G Iq, 

(6.1) N{t) < C{m)Nrmn. 

6.1. The setup. We normahze so that Nmin = 1. As N{t) e 2^, there exists 

tmin G Iq such that N(trmn) = N,mn = 1- 

we have a considerable amount of mass at medium frequencies: 

(6.2) ||^'c(r,o)<-<C(r,o)"(^mm)llL2 > c(?7o) 1 1 ^'c(r,o)< • <C(»,o) "(^™™ ) II iji ^iVo)- 

However, by Bernstein, there is not much mass at frequencies higher than C{riQ): 

Let's assume for a contradiction that there exists t^vac G such that N{tevac) ^ 
C{r]4). By time reversal symmetry we may assume tevac > tmin- As for every 
'74 < ?7 < % and all t G Iq, \\P<c(j})n {1)^(^)11 m — we see that by choosing (7(774) 
sufficiently large, at time t — tevac there is very little energy at low and medium 
frequencies: 

(6.3) \\P<rj-'u{tevac)\\Hl <V'i- 

We define uio = P^^ionu and Uhi — P>^ionM. Then by (|6.2|l . 

(6.4) \\Uhiitmin)\\Ll > 111- 

Suppose we could show that a big portion of the mass sticks around until time 
t — t^ydc: i.e., 

(6.5) \\uhi{tevac)\\L^ > ^J?!- 

" 2 

Then, since by Bernstein 

l|-P>C(r;i)Uhi(i evac 

the triangle inequality would imply 

\\P<C{m)'^hi{tevac)\\Ll > ^Vl- 

Another application of Bernstein would give 

ll-P<C(,?i)"(Wc)lliji >c(ryi,?73), 
which would contradict (|6.3|) if 774 were chosen sufficiently small. 



It therefore remains to show (|6.5II . In order to prove it we assume that there 
exists a time t^ such that tmm < ^* < t^vac and 

(6.6) inf ||uft,(t)||i2 > i?7i. 

i,„i„<t<i» ^ A 

We will show that this can be bootstrapped to 

(6.7) inf \WmLl > ^Vi- 

Hence, {t* e [tmin, tevac] ■ l|6.6() holds} is both open and closed in [t 

mm; ievac\ ^-Hci 

(ESI holds. 
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In order to show that (|6.6() implies H6.7|l . we treat the L^-norm of Uhi as an 
almost conserved quantity. Define 



L{t) 



\uhi{t,x)\'^dx. 



By Hf).4|l we have L{tmin) 
it suffices to show that 



> ril. Hence, by the Fundamental Theorem of Calculus 



1 



As 



dtL{t) 



\dtL{t)\dt < ^T^l 



{Phi{\u\"-'^u),Uhi}r,idx 

4 4 

{Phi{\u\~u) - \uhi\~Uhi,Uhi}mdx, 



we need to show 
(6.8) 



{Phj(|u|"-2u) _ \uhi\"-^Uhi,Uhi}mdx 



dt < —Til;. 
- 100 



In order to prove Ht).8|l we need to control the various interactions between low, 
medium, and high frequencies. In the next section we will develop the tools that 
will make this goal possible. 

6.2. Spacetime estimates on low, medium, and high frequencies. Remem- 
ber that the frequency-localized interaction Morawctz inequality implies that for 

N < c{l]2)Nmin, 

\P>Nu{t,y)\^\P>Nu{t,x)\^ 



(6.9) 



y\' 



-dxdydt < rjiN 



_3 3 _n±2 



This estimate is useful for medium and high frequencies; however it is extremely 
bad for low frequencies since N^^ gets increasingly larger as iV — ^ 0. We therefore 
need to develop better estimates in this case. As u<r]a has extremely small energy 
at t = teuac (see (|6.3|l ). we expect it to have small energy at all times in [tmim tevac]- 
Of course, there is energy leaking from the high frequencies to the low frequencies, 
but the interaction Morawetz estimate limits this leakage. Indeed, we have 

Proposition 6.2. Under the assumptions above, 

(6.10) ll^<A^"ll5M[t™.„,te„„, 
for all N < rj^. 

Remark 6.3. One should think of the 774 factor on the right-hand side of (|6.10(l as 

the energy coming from the low modes of u{tevac), and the max{ri^ '^N^^rj^ " ^N"-^ 
term as the energy coming from the high frequencies of u{t) for tmin ^ t < t^yac- 

The two possible bounds, rj^ and rj^ " ^ N"-^ , are a consequence of the scaling 

that g and b obey. Note that for n > 10, 773 " ^iV"-^ is the larger term. 

Proof. Consider the set 



n^{te [t 



_3 3 _i±2 ^ 

mm ; tevac) 



ViV < 7^3}, 
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where Co is a large constant to be chosen later and not depending on any of the 
77's. 

Our goal is to show that tmin G ^- First, we will show that t G for t close to 
tevac- Indeed, from Strichartz we get 

<||VP<Aru(tet,Qc)||L2 + C\tevac ~ ^ 1 1 1 V9t P<Ar U 1 1 ^oc ^2 (/„ xR") 
+ \tevac-t\^\\'^P<Nu\\ 

L^LS (/oxR") 

The last two norms are finite and proportional to TV (as can easily be seen from 
Bernstein and the conservation of energy), so H().3|l implies 

||-P<Aru|lsi([t,t„„,]xR") ^ % + N'^\'tevac - A + ^l^euac - ■ 

Thus t G 17 provided |iet,ac — i| is sufficiently small and Co is chosen sufficiently 
large. 

Now fix < G f2; then for all N < 773 we have 

(6.11) ll-P<Jvu|lsi([t,t_^]xR") < Co774 + %max{?73~%^,,3-^iV^}. 
We will show that in fact, 

(6.12) ll^<Jvu||<ji([t,t_^]xR") < lCnV4 + ^m^a^iVs^ ,V3^ N^} 

holds for all N < rj^. Thus, is both open and closed in [tmim tevac] a-nd we get 
tmin G ri, as desired. 

Throughout the rest of the proof all spacetime norms will be on the slab [t, tevac] x 
M". Fix TV < 773; by Strichartz, 

\\P<Nu\\gi < \\P<Nu{tevac)\\Hl + || VP<Ar ( |u| ^ u) || 3, ^ . 

By (|6.3|l . we have 

\\P<Nuitevac)\\Hl ^ ?74, 

which is acceptable if Co is chosen sufficiently large. 

To handle the nonlinearity, we use the triangle inequality to estimate 

\\VP<n{\u\^u)\\2^^ < ||VP<Ar(|u<„J^U<^,)||2,^ 

(6.13) + ||VP<Ar(|w|^M- |m<^J^U<^,)||2,^. 

Using our bootstrap hypothesis, i.e., H6.11|l . and dropping the projection P<n, 
we estimate the first term on the right-hand side of (|6.15|1 as follows: 

4 -JL. 
||VP<Ar(|u<^J"-2U<^J||2,_ln_ < ||Vu<^J|2,_Jb_||m<,,4C^ 

<ii«<.4ii|r 

< {Com + m max{773 ^ 774' , 773 774 }) 

(6.14) < 774, 

which again is acceptable provided Co is sufficiently large. 
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We turn now to the second term on the right-hand side of (|6.13|l . By Bernstein, 

||VP<Ar(|u|^M- |m<^J^U<^,)||2,_1^ 

Replacing the projection P<Ar by the positive-kernel operator P<jv (for the defini- 
tion and properties of P<jv see Subsection 1.2) and using p.7|l . we further estimate 

||VP<jv(|u|^U- |u<„4l^^<^4)ll2,^ <^ll^<Ar(|M<^4l^l">^4l)ll2,^ 

(6.15) +N\\P^j,{\u>^J^)\\^^^ 



Decomposing u>ri4 — Ujj4< <i)3 + w>,,3, we estimate 

1 + 2 



A^II^<iv(l">rMl^)ll2,^ <^^ll^'<iv(l".4<-<.3l^)ll2,^ 



(6.16) +Af||P^^(|w>,3l^: 



2 



and 

^^II^'<JV(|W<.4|^I">^4|)||2,^ <A^II^<Jv(l"<.4l^k.4<-<.3l)ll2,^ 
(6.17) +A^l|i'<jv(l"<,4l^l">.3l)ll2,^- 

Consider the first term on the right-hand side of H6.16|l . By Bernstein, 

A^II^<Jv(l«.M<-<.3l^)ll2,^ <^^^ll^<^(l"r,4<.<,3l^)ll2H^(^ 



1±1 

^mS-Sm II 2{n + 2) 2n(n + 2) ■ 



7^2-'— r7 



+4 



Using (|6.11|) . we get 

|1W,,4<.<,,3 II 2(7^+2) 2,i(n + 2) < > ||Pmm|I 2(.. + 2) 2,i(,i + 2) 

n-2 > „2+4 ^ ' „-2 ^ „2^4 

r;4< Af <773 

< V Af II VPm^II 2(^ + 2) 2„(„ + 2) 

' T.-2 ^ „2 , 4 

?;4<M<773 

< ^ Af-i||PMu|Ui 

< ^ M-^{Cor]4, + i]amax{r]~^M^,r]~^M^}) 

?)4<M<?;3 

(6.18) < 770%"^ 

and hence, 

^I!^<iv(k,4<.<,3l^)ll2,^ < 



2 + 2 3 „ Ti + 2 



1+2 ^ 



(6.19) < T]^-^ max{r/3 'N^^rj^ —"iV^}. 

To estimate the second term on the right-hand side of (|6.16|) , we further decompose® 
''^>i)3 = 5 + ^ according to CoroUarv lS.llI Using again the positivity of the operator 



®Of course, the decomposition holds in dimensions n > 6. To cover the case n = 5, we make 
use of Remark 15. 121 and treat u^rj^ in the same manner as b is treated below. 
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P<Ni estimate 



A^II^<A.(l«>.3l^)ll2,^ <A^II^<A'(l5l^)li2,^+^ll^<A'(|fe|^)ll2,^ 

By Bernstein and Corollary 15. Ill we get 

„ I 2 2 n + 2 

and 



n + 2 

2(n + 2) 2,i(n + 2) 



-2 '("-2)(n + 3) 



Thus, 



^ll^4A'(l">r,3l^)ll2.^ <'7f niax{,73^iV^r;3 "^iV^} 

(6.20) <ryo^max{773-*7Vi,773"^iV^}. 
By and (|On|l . we get 

(6.21) 7V||P4^(|^>„J^)||2^^ <77|^max{%^7Vi,r;3"^iV^}. 

We turn now to the first term on the right-hand side of H6.17|l . By H6.11|) and 

^II^'4a' (l"<'J4 1^ k^4<-<^3 I) Il2,^ 

4 

< A^||^r;4<-<77,^ II 2(^ + 2) 2rx(n±^ll^<?74 II 2(^42) 2(n + 2) 
^-2 ' 7i2+4 „_2 ^ n,-2 

4 

t, t, n + 2 re + 2 a 



770773 ^N{CQT]i + Tjo max{773 ' 774% 773 " ' 774 ' }) ' 



< 



Treating the cases < 774 and rji < N < rj^^ separately, one easily sees that 

(6.22) Tlori'f^r]^^N < 770(774 + 77omax{7/^%i, 773~^7V^}). 
Hence, 

^Il^<iv(l"<^4l^|w^4<-<^3l)ll2,^ 

(6.23) < 770(774 + 77omax{7/^%i, 773"^7V^}). 

To estimate the second term on the right-hand side of (|6.17(l , in dimensions 71 > 6 we 
decompose m>,)3 = g + b according to CoroUarv IS . 1 II and use the triangle inequality 
and the positivity of P^pf to bound 

A^ll^<^(l"<.4l^l">.,3l)ll2,^ <A^II^<^(l"<.4l^l5l)ll2,^ 

+ 7V||P4Ar(l«<,4l^lH)ll2,^- 
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By Bernstein, Corollary 15. Ill and H6.11|l . we get 

^ll^'<A'(l"<.)4l^l5l)ll2,^ ^ N\\q\\ 2i„ + 2) 2„(„ + 2) ||m<,,4|| ;(; + 2) 2(„ + 2) 

< ^^ll5lUo|k<.JI|^ < A^'72'^^3"'^f" 

and 

mP<N{\u<,J^\b\)h.^^ < NN&J\\P^^{\u^^J^\b\% 2„(„+2, 

< NWJ\\u<^^\\J^ ,_^\\b\\2j^ ^ 

n-2 ' n-2 '^"^ ' n - 1 

n-2 („+l)(„-2) 

< 7^f~'N^ {-nl % ^ ) ^ (^"^ % ' ) ^ 

Thus, by treating the cases N < r]4 and ri4 < N < rj^ separately, one sees that in 
dimensions n > 6, 

4 _3 3 _:i±2 21±2 

^ll^<Af(l"<.)4l""'l^^>')3l)ll2.^ ^ m (??4 + ??o max{773 '?74.% " ^Vi '})• 
In dimension rt = 5, by Remark 15 . 1 21 and we have 

N\\PkN{W<,u\^W>r,3\)\k^ - N\\P<N{W<nJ\u>r,,\)\\2m 

4 

^ ^I|w>r,3ll3,f2||w<^j||_4 

Hence, for all n > 5, 

4 _3 3 " + 2 n + 2 

(6.24) A^||P4Ar(|u<^J~|u>^3l)ll2,^ < m (774 + ?/oniax{r73 =771,773 "-'774-=}). 
By and (^23, we obtain 

4 3 3 n + 2 Ti + 2 

(6.25) iV||P4^(|u<^J — |M>^J)||2,_a^ < 770(774 + %max{773" 5 771,773 "-'774-=}). 

By (EISl, (Eni), and (jO^ . we get 

(6.26) 

|lVF<Ar(|u|^M- |m<^J^m<^J||2,^ < 774 + 77^1+ max{773" %i , 773^ ^ } . 
By (jO^ . (|ni3, and (jO^ . 

||VP<jv(|w|^u)||2,^ <rM + '?o+niax{773"^7Vi,^3-^iV^}. 

Hence, H6.12f) holds for Ci sufficiently large and the proof of Lemma l^^^ is complete. 

□ 
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6.3. Controlling the localized mass increment. We now have good enough 
control over low, medium, and high frequencies to prove H6.8(l . Writing 

4 4 4 4 4 

Phi{\u\~u) - \Uhi\~Uhi = Phi{\u\~U - \uhi\~Uht - \uio\~uio) 

4 4 

- Plo{\uhi\~Uhi) + Phi{\uio\~Uio), 

we see that we only have to consider the following terms 



(6.27) 
(6.28) 
(6.29) 



UhiPhii\u\"-'^u - - \uio\"-^uio)dx 



UhiPio{\uhi\"-^ Uhi)dx 



UhiPhii\uio\"-'' uio)dx 



dt, 
dt, 
dt. 



For the remaining of this section all spacetime norms will be on the slab [tmin, t*\ x 
1". Consider l|?r?7jl . By lfO|l . we estimate 

(11221) < \\\uhi?\uio\^X{\unA<^\mMh^ + lll"M|^MioX{|«,o|«|u;,.|}||ia 



< 



\Uhi\'\Ulo\^-'^ ||l,l < |||u>^3p|M;o|"-= ||l,l + |||ti,,iO"<.<,,3r|W/o|"-^ ||l,l- 

Taking A^* ~ 7/3 in CoroUarv lS.llI we decompose m>,)3 = g + b and estimate 

<lll5pho|^||i.i + IIH'ho| ' 



1,1 



ii.i- 



Using Holder, Bernstein, Corollarv l5.11l and Proposition 16.21 we get 



lllffPKI^II 



1,1 



< 



iii&n"^oi^iii,i<ii&ip.„ ^ 



< 



< 



~2'("+l)("-2) 
1 3 , 2{n-2) 



-2 ■ (n + 2)(n-2) 



-3\ 



773' ' (774 + niax{ry3 - ??3 ^ 773 7^3 })" 



where in the last sequence of inequalities we used the fact that for tt. > 6, Bernstein 
dictates 



\Ulo\ 



4„. <^f"'^^lk^o|ir 



n-2'(„ + 2)(,i-2) 

To cover the case n — 5, we estimate 



1,1 



>,,3r|W/oPI|l,l ^ l|W>^3lli |o|l"io||4,5- 



In dimension ti = 5, one easily checks that the pair (4, |) is Schrodinger admissible 
and hence, by Sobolev embedding, 



(6.30) 



SI- 
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Thus, by (|OHl . Remark EEl (with TV* =773), and Proposition lO fwith n = 5), 
we get 

iii">r,3i>ioi^iii,i < vivs^ivi + % < vl 

Hence, in all dimensions n > 5 we have 
Next, by Holder, 

Using Proposition we estimate 

l|M,,io„<.<,,3||2,_J^ < J2 \\un\\2,^< Y1 N-^\\un\\si 
i)iO"<7V<?)3 jji''"<7V<?)3 

(6.31) < A^~'(^4 + max{%*iVi,,73~^iV^}) 

r)l°"<N<r]3 

and hence, 

,11 i2i 1^-11 ^ -2^ , r -I 10"! 2 

III'"^i»"<.<^3MMio|"-^ lli.i < 773 ('74 + max{773 ^ % 773 773 }) "C??!- 
Therefore, 

Km «r,?. 

To estimate ()f).28(l . we write 

H6-28|l = ^ J Pio{uM)\uM\'^Uhidx dt. 

As Pio{uhi) — Phi{uio) satisfies all the estimates that uio and Uhi satisfy, we see by 
the previous analysis that 

< \\H^\^Wlo\^\\l^ «77?. 

We consider next H6.29(l . We estimate 

^ \\uh^Ph^{\ulo\^Ulo)\\l,l 



< 



1,1- 



Using Bernstein to place a derivative in front of P^i, we get 

\W^l°"<.<^^Phi{\uio\^ Uio) < ?73'^°"||?/^l0„<.<^3||2,_^||V?/;o||2,^h;o||^^^- 

By H6.31|l and Proposition It). 21 we obtain 

o " ^ 'Ulo I ||l,l 

< % % im + max{773 ^773 \V3 % I) 

On the other hand, decomposing ?i>,,3 = g + 6 in dimensions n > 6 according to 
Corollarv lS.llI we estimate 



\\u>r,3Phi{\uio\"-^ Uio) Wl^l < \\gPhi{\uio\"-'' Ulo)\\l,l + \\bPhi{\uio\ Ulo) 



1,1- 
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By Bernstein, (|5.63|l . Corollary 15. Ill and Proposition |^21 we have 

||.9P^.(|«io|^?^io)||l,l<%'""ll5ll2,^l|V^,o||2,^h;o||^ 

<V3'°"\\9\\s«\\uio\\f^' 

and 

\\hPhi{\uio\^Ulo)\\l,l 

' (n+l)(n-2) "-2 ' „2_2„ + 4 ' (3.i-2)(n-2) 

<r;3-^("+«)(r;,^3-*)"^||z.,„|||f^ 

<r/3 (»7i 773') (7?4 + max{773 - 773 % 773 773 })" ' 

To cover the case tt, = 5, we use Bernstein (to add a derivative in front of Phi), 
Remark Is .121 H6.30|l . and Proposition 16. 21 (with n = 5) to estimate instead 

\\u>,-i3Phi{\uio\^Uio)\\l,l < ||u>,,3ll3.if l|Vu;o|l3,if ll"/oll4,5 

<'7f%"'ll";o|||, 

< ryf ?73~'(r;4 + Vs^V?)^ < vl 

Thus, 

\\u>n3Phi{\uio\'^uio)\\i,i < 771 

for all 71 > 5 and hence 

H^rm < 773^. 

Therefore ()5.8|l holds and this concludes the proof of Proposition l6.ll 



7. The contradiction argument 

We now have all the information we need about a minimal energy blowup solution 
to conclude the contradiction argument. Corollary 14.41 shows that it is localized 
in frequency and Proposition 14.71 that it concentrates in space. The interaction 
Morawetz inequality provides good control over the high-frequency part of u in 

6ti ^^^^ 

L^Lx"~^ (see Corollary 15 . 1 II and Remark l5.12|l . By the arguments in the previous 
section we have also excluded the last enemy by showing that the solution can't 

2(" + 2) 

shift its energy from low modes to high modes causing the L^. J"^ -norm to blow 

up while the L^Lj""" -norm remains bounded. Hence, N{t) must remain within a 
bounded set [Nmm,Nmax], where Nmax < C(ri4)Nmin and Nmin > 0. Combining 
all these (and relying again on the interaction Morawetz inequality), we will derive 
the desired contradiction. We begin with 
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Lemma 7.1. For any minimal energy blowup solution to we have 

(7.1) / N{tr'dt<C{rii,rj2)N-^ 



In particular, as N{t) < C{r}^)Njnin for all t G /q? have 
(7.2) |/o|<C(77i,r72,r;4)iVj„. 
Proof. By H5.79|l and (|5.8()() . in all dimensions n > 5 we have 



3ti-4 

\P>NM^dx\ dt<nfNr^ 



for all A^^ < c(r]2)Nmin- Let A^* = c{'n2)Nmin and rewrite the above estimate as 

„ « 3ti-4 

(7.3) / (/ \P>Nu\^'dx) dt<C(77i, 772)iV-f„. 

On the other hand, by Bernstein and the conservation of energy, 
(7.4) 

/ |P<^,w(<)|35^dx 

■l\x-x{t)\<C{-qi)/N(t) 

<C{rii)N{t)-\\P^Nu{t)\\W' 

<c{r,2)N{t)-^^. 

\u{t)\^dx > c{T]i)N{t)~^. 

'\x~x{t)\<C{rn)/N{t} 

Combining this estimate with H7.4fl and using the triangle inequality, we find 

c{f]i)N{t)~^ < \P>N,u{t,x)\'^dx. 

J\x^x(t)\<C(ni)/N(t) 

Integrating over /q and comparing with H7.3|l proves (|7.f(l . □ 

We can now (finally!) conclude the contradiction argument. It remains to prove 
that 1 1 It 1 1 2(n+2) < C(?7o , ?7i , ?72 , % , ?74 ) , which contradicts HI.I()|I for 775 suffi- 

ciently small and which we expect since the bound H7.2|l shows that the interval Iq 

is not long enough to allow the J"^ -norm of 71 to grow too large. Indeed, we 
have 



By H4.32|l . we also have 



Proposition 7.2. 



2(„+2) ^C{r]o,r]i,r]2,'n4). 



Proof. We normalize Nmin = 1. Let S = S{rio, Nmax) > be a small number 
to be chosen momentarily. Partition Iq into 0{\Io\/6) subintervals /i, . . . ,/j with 
\Ij\ < 5. Let tj e Ij. As N{tj) < Nmax, Corollary |13| yields 

l|-P>C(7,o)JV,„„,w(ij)|liji < Vo- 
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Let u{t) = e'(* *^^'^-f<c(r;o)Afmax^(*j) be the free evolution of the low and medium 
frequencies of u{tj). The above bound becomes 

(7.5) ||«(i,)-u(t,)IUi 
Moreover, by Remark 13.21 (|7.5|l implies 

(7.6) we^^'-'^^^PMViuit,) - u{t,))r ^ .„(„^., y <^o. 

By Bernstein, Sobolev embedding, and conservation of energy, we get 

< C{T]Q,Njnax) 



|u(i)ll <C(r;o,iV„,,)||u(t,)|| ^ <Cim,Nmax)\\u{t,)\\jj, 



for all t £ Ij, so 

(7.7) ||{t|| < C(77o,7V„„^)(5^T^^. 

it,""' (/,xR") 

Similarly, we have 



iiv(i^i(i)i^^(t))ii ^<\\^um ^wmri 

< C{rio,Nmax), 

which shows that 

(7.8) ||V(|{t|^u)|| ^ <C{Tjo,N„,ax)S^/^. 

By (|7.5|l through H7.8|l . conservation of energy, and Lemma ITTl with e = — j-itl "-^ {i, 
we see that 

||U|| 2(„ + 2) < 1, 

it,:'" (/,xR") 

provided 5 and ryo are chosen small enough. Summing these bounds in j and using 
(173, we get 

||m|| 2(„+2) < C{rio,Nrnax)\Io\ ^ C'{r]Q,r]i,r]2,r]4). 

it.x"' (/oxR") 

□ 

Appendix A. Fractional derivatives of fractional powers 

In this appendix, we show how a characterization of Sobolev spaces due to 
Strichartz, |33| . can be used to prove results of chain-rule type. This extends 
[5] from functions to merely Holder continuous functions. 

The results in this section were worked out in collaboration with Rowan Killip. 

Strichartz proved that for all Schwartz functions /, 1 < p < oo, and < s < 1, 

(A.l) llivi'/IL-«ll^^(/)IL- 
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where 



(A.2) VM)ix) 



|y|<i 



\f{x + ry) ~ f{x) \ dy 





^ dr \ 


dy 





1/2 



This extended earUer work of Stein; see the discussion in [2] Ch. V, §6.13]. 

Proposition A.l. Let F be a Holder continuous function of order < a < 1. 
Then, for every Q < a < a, \ < p < oo, and ^ < s < 1 we have 



(A.3) 



M"F{u)\\ < 1^1"-- \\M'u\\% , 



provided - = — + — and (1 — —)pi > 1. 

Proof. The result will follow from the pointwisc inequality 



(A.4) 



v^{F{umx) < [M{\unix)Y -^mu)ix)]^, 



where M denotes the Hardy-Littlewood maximal function. 
As F is a- Holder continuous, 

\F{u{x + ry)) ~ F{u{x))\ < \u{x + ry) - u{x)\°' < \u{x + ry)|" + \u{x)\°' . 

We use both estimates; the first one for small values of r, the second for large values 
of r. The meaning of 'small' and 'large' will be a:-dependent. 
For r small, we apply Holder's inequality: 







Jo 


In 



F{u{x + ry)) — F(u{x)) dy 



dr 

^1+2ct 



< 



< 



< 







Jo 


j 


rMx) 




lo 


/, 

J\y\<'^ 



1 2(sa-a) 



[A{x)] 

<[A{x)Y^'''-^\v,{u){x)] 



u{x + ry) — u{x)\°' dy 
u{x + ry) — u{x) | dy 



dr 



dr 



\u{x + ry) — u{x) \ dy 



2a 



dr 

nl+2s 



Note that the penultimate step requires sa — a > Q. 
For large r, we first note that 



lwl<i 



\u{x + ry)\°' dy <M{\u\°'){x) 
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because the left-hand side is essentiahy the average of over the r-ball centered 
at X. Consequently, 



A{x 



\F{u{x + ry)) — F{u{x)) \ dy 



< 



< 



< 



A(x) 



A{x) 



dr 



\u{x + ry)\°' + \u{x)\ dy 
s/l<i 



[A{x)]-^''[M{\ur){x)\ 



dr 

nl + 2(T 



Choosing A{x) = [M{\u\°'){x)]^[Vs{u){x)Y-s leads immediately to (fO|) . The 
proposition follows from Holder's inequality and boundedness of the maximal op- 
erator; the latter requires (1 — -^)pi > 1- D 



Appendix B. 

In this appendix we prove the existence and uniqueness of local S'^ P| 5*^ solutions 
to the initial value problem 



(B.l) 



[idt + A).g = G + PmF{uio) + Phr{F{uio + g) - F{g) ~ F{uio)) 

g{to) = Uhi{to), 



where the function F represents the energy-critical nonlinearity, u^i = P>iu and 
uio = P<iu are as in subsection 5.2, and G ~ Gmed + Gyhi with 

Gmed^ ^ PN{X{\PNF(g)\<l/N}PNF{g)), 
1<N<^-"'" 

GvM = |Vr^P>^-ioo(x{||V|F(s)|<l}|V|i^(.9)), 

and, in each case, x represents a smooth cutoff to the set indicated. 
In other words, we need to prove that the integral equation 



9{t) 



_ i(t-to)A 



Uhiito) 



J{t-s)A 



G{s)ds 



+ / e'^'-'^^Ph,{Fiuio+g)-Fig)){s)ds 



to 



admits an S''' p| S'"'^ solution on a small interval / := [ioi^] C Iq, task which we 
accomplish by proving convergence (in the appropriate spaces) of the iterates 

and, for m > 1, 

J to 

(B.2) + f e'(*^^)'^P,,(F(u,„ + g^")) - F{g<^"^^)){s)ds, 

Jto 
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where 

^(m) _ ^(m) I ^(m) 

1<A'<7?2 

+ i^r'^>..-"U{iivii=^(9('"))i<i}ivi^^(3('"^)). 

By Lemma El (specifically and we 

have 

4 (ti-2)(ti + 4) 



2(r 


1 + 2) 




+ 4 


't,i 




2(, 


> + 2) 




+ 4 






2(r 


1 + 2) 




+ 4 






2(r 


1 + 2) 



(B.4) llVGlrjjl 2i^ <log(i)(ll5(™^ll5M/xK")ll5("^l|-o-(,,«„)) 

/ \ 4 {n-2)(n + 4) 

(B.5) ||Gi",^|| 2^^ <%^''°(ll5^'"^ll5H/xM>.)ll5^"^ll5"oax«.M)^^ 



(B.6) llVGil^ll^^^^^^^^^ < (b("^IU.(,x«™)ll5("'ll,V,.«,. 



(,i-2)(,i + 4) 



To simplify notation, we introduce the norm || • ||vk defined on the slab / x R" as 



\W = ||/||VK(/XR") ||V/|| 2(„ + 2) 2„(„ + 2) 

Lit 



Note that 



\w < ll/bi(7xR")- 



The first step is to take / sufficiently small such that 
(B.7) \\um\\w<V2 

for some < e -C 1; the dominated convergence theorem shows that this is indeed 
possible. 

Throughout the rest of the proof all spacetime norms will be on / x W\ Using 
Bernstein, H1.8|l . (|1.9() . and our hypotheses on uio (more precisely, (|5.10ll and H5.36|l ). 
we estimate 

(B.8) < r?r^ 

and 

\\Ph^{F{ul, + - F{ui,) - F(.9M)) \\ 



< 



\uio\g 



*"'l"-^X{|n,„|<|9("-)|}ll2,-2|^ + ll5^"V/oh-^X{|3W|<|„,„|}||2 . 



<||g(")K|^||2,^<||5 
(B.9) <%^||5(")|Uo, 



4-2 ■71 — 2 "OO,— 
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\\VPm{F{uio + <?(™)) - F{uio) - F{g^^))) H^,^ 



(B.IO) <%^ll5<"^ILr +'?2""^llff^"^ll5- 



Using the recurrence relation IIB.2p . Strichartz, and (|B.3|) through ljB.10|) . we 
estimate 

n + 4 ■ 11 + 4 ' n + 2 

+ \\P,-4Fiuio + ff^")) - Fiuio) - ^^(.gM)) 11^^^ 

Ti + 4 4 (ti.-2)(ti + 4) 



,1 + 4 ' n + 4 



(,i-2)(,i + 4) 

Si(/xR")liy' 'llsO(/xR")^ 



<l + log(;^)(||g(")||^,(,,«„J|g('")|l"- 



(,i-2)(,i + 4) ^("-.^j 



and 



7^"+'^lk < \M\w + llVG("')|h(.+.) .(„+2) + ||VP;,,F(u,„)||2 ^ 

n + 4 ^ n + 4 

+ \\VPh^{F{uio + S^"')) - F{uio) - F{g^"^ \\,^^ 

n-f-z 

4 (Tl-2)(Tt + 

< + log(;|) (||5^") llsi(/xE.) II ■ „7,,K")) 

(n-2)(n + 4) ^'"T^j 

SiaxR")liy 'llsO(/xK") 



+ %^ll5''"^l|-r +r/r^ll5^™^b- 
A simple inductive argument yields 

(B.ll) Il5^™^ll50 <%^, 

(B.12) Il5^™)|l5i<l, 

(B.13) \\g^"'M\w<vl 

for all m > 1 and provided e is sufficiently small. 

To prove that the initial value problem IjB.ljl admits a local solution in S*" H •S'^ , 
it suffices to prove that the sequence {g*-™-*}™ converges strongly in S*" to some 
function g. This function is guaranteed to lie in for the following reasons: 
As the sequence {5^™^}™ stays bounded in (see ()B.12ll V it follows that g^™^ 
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converges weakly to g in S^. As weak limits are unique, we conclude that g lies in 
both 5° and S^. Moreover, by Fatou, l|B.ll|) . and ljB.12p . g obeys the bounds 

2 

Ms" - and llgll^i < 1. 

In what follows, we prove that the sequence {5^™'}m is Cauchy in S*", which 
completes the proof of local existence for the reasons just given. We start by 
considering differences of the form ^^('"+1) — g^'"). Using the recurrence relation 
(IB.2II and Strichartz, for m > 1 we bound 



||g(™+i)_gM|| <1|GW_G(™-i)|| +\\F{g^^"'^)^F{g^^"^-'^)\\ .(„h.., 

(B.14) +\\F{ui, + g^"''>)-F{ui, + g^"'-''^)\\ 



By (|1.7|l . Sobolev embedding, (|5.3t)|) . and HB.13|) . we get 



2(1 + 2) 



<||,,M_g(™-i)[| ^(||5(™)r^f„,,, 

(B.15) <vf'M"'^-9^"'-'^\\so 
and 

\\Fiuio + g^'^^)~F{uio+g^"'-^^)\\ 

X |LQM-g("^-l)| U,„+,) 

(B.16) <r/f'll5^"'-.9^""'^llso, 

again, assuming e is sufficiently small, which amounts to taking / sufficiently small. 
We are left with the task of estimating 

||G^ '-Lr' 'II 2(2+21 < II G„g^ - II 2(i+2) + ||G„,„ - II 2(„ + 2) . 

" + 4 L " + * " + ■* 

We consider first differences coming from medium frequencies. For I < < 



ri2^°", denote 

■= X{\PnF\<i/n}PnF. 

Then, 

r n + 4 



J:2i 

r 11 + 4 

l<Ar<i,2-"'" 
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By the Fundamental Theorem of Calculus, we write 

Jo 

where for 6 e [0, 1] we define 5^"^ := g^™) + eig^""^ - .g^""^)). As 

= X{\PnF\<1/N}PnFz + X{\Pf,F\~l/N}NPNF 

and 

/i^ = X{\PnF\<1/N}PnFz + X{|PjvF|~l/Af}A^-P7V-F 

for some smooth cutoff x to the set indicated, Minkowski's inequality and Sobolev 
embedding yield 

r n + 4 

6»e[o,i] it""^ 



For G [0, 1], by Bernstein and (|5.50(l we estimate 



, , 4(ti-2) 



<||^P^F(gr))||%|, 



< iivj^(gr^)irS) 

<(ii3r'ii5^ii.9r^iii^)^. 

Thus, by IjB.lip . (|B.12ll . and taking e sufficiently small, we get 



n + 4 
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which yields 

l<N<rj-"'" 
<log(^)%^||.9(")-<?^'"-^)|l50 

(B.17) <r?2^ll3("^-5^'"-'^bo- 

We consider last the difference coming from very high frequencies. More pre- 
cisely, denoting 

:=|Vrip>,,-.o„(x{||v|F|<i}|V|F), 

we have to estimate 

By the Fundamental Theorem of Calculus, we write 



with the convention that for 9 e [0,1], g^™' := g'™' + 6l(5('") - 5^™"^)). By 
Minkowski's inequality, the boundedness of the Riesz potentials on for 1 < p < 
oo, and H5.50|l . we estimate 



iir'"(5^™^)-r''X3^ 



""'Oil i(n±i) 



< llge-^-ff^-^^ll.^ sup ||X{||^|^(^,„,^|<^j|v|n9r^)ll ^ 



it,x" ee[o,i] 

•1 + 2 



< 115^™) - S^"-^) lUo ||X{||v|i.(,r))|<i} [I V|^(5r^)] ^ I 



<iigM_g(™-i)||.„|||vin9r^)r'ii:^' 



1 + 2) 



it,. 

< 113^™' -5("-^^lUo(llff^^lls^ll3^^ll|^)™■ 



Thus, by IjB.lip . (|B.12|I . and taking e sufficiently small, we get 
(B.18) IIGi^'^-Gir'^ll <%^llff^"^-5^'"-'^ll5o- 



Collecting (|RT4|) . ||RT5|) . ||RT61) . ||RT7|) . and ||RT8|) . we obtain 
||^(™+i) < ^^l&II^M 
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for all m > 1. Also, as by (|B.2|I . (|B.3(I . I|B.8|1 . and l|B.9|l . we have 

„ + 4 4(n + 4) 4(ti-1) 

we immediately obtain that the sequence {^''"'imeN is Cauchy in S*" and thus 
convergent to some function t/ 6 5°. 

The uniqueness of fl S*^ solutions to l|B.ip is standard and based on the 
estimates above. We skip the details. 



References 

[1] J. Bourgain, Refinements of Strichartz' inequality and applications to 2D-NLS with critical 

nonlinearity, Internat. Math. Res. Notices 5 (1998), 253-283. 
[2] J. Bourgain, Global well-posedness of defocusing 3D critical NLS in the radial case, JAMS 

12 (1999), 145-171. 

[3] J. Bourgain, New global well-posedness results for non-linear Schrddinger equations, AMS 
Publications (1999). 

[4] J. Bourgain, A remark on normal forms and the 'I- Method' for periodic NLS, J. Anal. Math. 
94 (2004), 125-157. 

[5] T. Cazenave, F.B. Weissler, Some remarks on the nonlinear Schrddinger equation in the 
critical case. Nonlinear semigroups. Partial Differential Equations and Attractors, Lecture 
Notes in Math. 1394 (1989), 18-29. 

[6] T. Cazenave, F.B. Weissler, Critical nonlinear Schrddinger Equation, Non. Anal. TMA 14 
(1990), 807-836. 

[7] T. Cazenave, Semilinear Schrddinger equations, Courant Lecture Notes in Mathematics, 10, 

American Mathematical Society, 2003. 
[8] M. Christ, M. Weinstein, Dispersion of small amplitude solutions of the generalized Korteweg- 

de Vries equation, J. Funct. Anal. 100 (1991), 87-109. 
[9] M. Christ, A. Kiselev, Maximal functions associated to filtrations, J. Funct. Anal. 179 (2001), 

409-425. 

[10] R.R. Coifman, Y. Meyer, On commutators of singular integrals and bilinear singular integrals. 

Trans. AMS 212 (1975), 315-331. 
[11] R.R. Coifman, Y. Meyer, Ondelettes and operateurs III, Operateurs multilineaires, Actualites 

Mathematiques, Hermann, Paris (1991). 
[12] J. CoUiander, M. Keel, G. StafElani, H. Takaoka, T. Tao, Global well-posedness for the 

Schrddinger equations with derivative, Siam J. Math. 33 (2001), 649—669. 
[13] J. CoUiander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Existence globale et diffusion pour 

I'equation de Schrddinger nonlineaire repulsive cubique sur'R?' en dessous I'espace d'energie, 

Journees "Equations aux Derivees Partielles" (Forges-les-Eaux, 2002), Exp. No. X, 14, 2002. 
[14] J. CoUiander, M. Keel, G. StafBlani, H. Takaoka, T. Tao, Global existence and scattering for 

rough solutions of a nonlinear Schrddinger equation on R'^, Comm. Pure Appl. Math. 57 

(2004), 987-1014. 

[15] J. CoUiander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Global well-posedness and scattering 
for the energy- critical nonlinear Schrddinger equation in R^, to appear Annals of Math. 

[16] D. Foschi, Inhomogeneous Strichartz estimates, J. Hyperbolic Differ. Equ. 2 (2005), 1-24. 

[17] G. Furioli, E. Terraneo, Besov spaces and unconditional well-posedness for the nonlinear 
Schrddinger equation in H", Comm. in Contemp. Math. 5 (2003), 349-367. 

[18] R. T. Glassey, On the blowing up of solution to the Gauchy problem for nonlinear Schrddinger 
operators, J. Math. Phys. 8 (1977), 1794-1797. 



GLOBAL WELL-POSEDNESS FOR THE ENERGY-CRITICAL NLS 



73 



[19] J. Ginibrc, G. Vclo, Scattering theory in the energy space for a class of nonlinear Schrddinger 

equations, J. Math. Pure. Appl. 64 (198-5), 363-401. 
[20] M. Grillakis, On nonlinear Schrddinger equations., Comm. Partial Differential Equations 25 

(2000), 1827-1844. 

[21] A. Hassell, T. Tao, J. Wunsch, A Strichartz inequality for the Schrddinger equation on non- 
trapping asymptotically conic manifolds, Comm. Partial Differential Equations 30 (2005), 
157-205 

[22] T. Kato, On nonlinear Schrddinger equations, Ann. Inst. H. Poincare Phys. Theor. 46 (1987), 

11.3-129. 

[23] T. Kato, G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations, 

Comm. Pure Appl. Math. 41 (1988), 891-907. 
[24] T. Kato, On nonlinear Schrddinger equations, II. H'' -solutions and unconditional well- 

posedness, J. d'Analyse. Math. 67, (1995), 281-306. 
[25] M. Keel, T. Tao, Endpoint Strichartz Estimates, Amer. Math. J. 120 (1998), 955-980. 
[26] J. Lin, W. Strauss, Decay and scattering of solutions of a nonlinear Schrddinger equation, 

J. Punct. Anal. 30 (1978), 245-263. 
[27] C. Morawetz, Time decay for the nonlinear Klein-Gordon equation, Proc. Roy. Soc. A 306 

(1968), 291-296. 

[28] K. Nakanishi, Energy scattering for non-linear Klein-Gordon and Schrddinger equations in 
spatial dimensions 1 and 2, J. Funct. Anal. 169 (1999), 201-225. 

[29] E. Ryckman, M. Visan, Global well-posedness and scattering for the defocusing energy- critical 
nonlinear Schrddinger equation in R'-^*, to appear Amer. J. Math. 

[30] H. Smith, C. Soggc, Global Strichartz estimates for nontrapping perturbations of the Lapla- 
cian, Comm. Partial Differential Equations 25 (2000), 2171-2183. 

[31] E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Uni- 
versity Press (1970). 

[32] E. M. Stein, Harmonic Analysis, Princeton University Press (1993). 

[33] R. S. Strichartz, Multipliers on fractional Sobolev spaces, J. Math. Mech. 16 (1967), 1031— 
1060. 

[34] T. Tao, On the asymptotic beliavior of large radial data for a focusing non-linear Schrddinger 
equation, Dyn. Partial Differ. Equ. 1 (2004), 1-48. 

[35] T. Tao, Global well-posedness and scattering for the higher- dimensional energy- critical non- 
linear Schrddinger equation for radial data. New York J. Math. 11 (2005), 57—80. 

[36] T. Tao, M. Vi§an, Stability of energy- critical nonlinear Schrddinger equations in high dimen- 
sions, Electron. J. Diff. Eqns., 118 (2005), 1-28. 

[37] M. Visan, The defocusing energy- critical nonlinear Schrddinger equation in higher dimen- 
sions, Ph.D. Thesis, UCLA, in preparation. 



University of California, Los Angeles 
E-mail address: mvisaii9math.ucla.edu 



